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Do you know how much percentage of marks
a student has to score in IITJEE advanced exam to get

a rank in top 100 ?
a seat ge�ng rank in IITs ?

Unbelievably they are just 75%  and 35% (avg of last 10 years data)
Many students who score 10/10 in boards are not able to score 35% in

JEE advanced but an average student can make it to IIT if the coaching ins�tute has 

Expert faculty - Excellent teaching

Me�culous planning - Long-term strategy

Constant mo�va�on - Con�nuous support

Rigorous prac�ce - Accuracy and Speed

Previous Years JEE ADVANCED Rank VS % of Marks 
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SEQUENCE AND SERIES Ch 1-1

ARITHMATIC PROGRESSION (A.P.)

KEY FACTS
 1. A sequence�LV�D�VHW�RI�QXPEHUV�VSHFL¿HG�LQ�D�GH¿QLWH�RUGHU�E\�VRPH�DVVLJQHG�UXOH�RU�ODZ�
  Ex. ����������������� �(DFK�VXFFHHGLQJ�WHUP�LV�REWDLQHG�E\�DGGLQJ���WR�WKH�SUHFHGLQJ�WHUP�
� � � ������������������� ��(DFK�VXFFHHGLQJ�WHUP�LV�REWDLQHG�E\�PXOWLSO\LQJ�WKH�SUHFHGLQJ�WHUP�E\���
  A ¿QLWH�VHTXHQFH�LV�WKDW�ZKLFK�HQGV�RU�KDV�D�ODVW�WHUP�
  Ex.� �����������������
  An LQ¿QLWH�VHTXHQFH�LV�RQH�ZKLFK�KDV�QR�ODVW�WHUP�
  Ex.� ��������������������
� � ,Q�JHQHUDO��an or Tn�GHQRWHV�WKH�nWK�WHUP�RI�D�VHTXHQFH�

 2. $Q�H[SUHVVLRQ�FRQVLVWLQJ�RI�WKH�WHUP�RI�D�VHTXHQFH��DOWHUQDWLQJ�ZLWK�WKH�V\PERO�µ�¶�LV�FDOOHG�D�VHULHV�

  Ex.� 7KH�VHTXHQFH�
2 4 6, , ,
� � �

������H[SUHVVHG�DV�D�VHULHV�LV�
2 4 6
� � �

+ + + ����

 3. $ULWKPHWLF�3URJUHVVLRQ��$�3����$�VHTXHQFH�LV�FDOOHG�DQ�DULWKPHWLF�SURJUHVVLRQ�LI�LWV�WHUPV�FRQWLQXDOO\�LQFUHDVH�
or GHFUHDVH�E\�WKH�VDPH�QXPEHU��7KH�¿[HG�QXPEHU�E\�ZKLFK�WKH\�LQFUHDVH�RU�GHFUHDVH�LV�FDOOHG�WKH�FRPPRQ�
GLIIHUHQFH��7KUHH�TXDQWLWLHV�a, b, c�ZLOO�EH�LQ�$�3��LI�b – a = c – b, i.e., 2b = a + c.

 �a� nWK�WHUP�RI�DQ�$�3���7KH�nWK�WHUP�RI�DQ�$�3��a, a�� d, a����d, a����d������LV

     Tn = a����n�±���d 

� � ZKHUH��Tn GHQRWHV nWK�WHUP��a�WKH�¿UVW�WHUP��n�WKH�QXPEHU�RI�WHUPV�DQG�d�WKH�FRPPRQ�GLIIHUHQFH�
� � $OVR��FRPPRQ�GLIIHUHQFH�d = Tn – Tn–1�
  Ex. 7KH��WK�WHUP�RI�WKH�$�3���������������LV
     T�� ��������±����î��� �������� �26.
  1RWH�  Here a = 2, d� ���
 �b� 6XP�RI�n�WHUPV�RI�DQ�$�3�
� � /HW�WKH�$�3��EH�a, a���d, a����d������/HW�l�EH�WKH�ODVW�WHUP�DQG�S�WKH�UHTXLUHG�VXP��7KHQ�

                           S = 
2
n
��a + l � = 

Number of terms �)LUVW WHUP � /DVW WHUP�
2

                              = 
2
n
��a���a����n�±����d�� � �� � �� �

2
n a n d+ − , 

� � ZKHUH�n�LV�WKH�QXPEHU�RI�WHUPV��a�LV�¿UVW�WHUP�DQG�d�LV�FRPPRQ�GLIIHUHQFH�
� � $OVR�� nWK�WHUP� �6XP�RI�n WHUPV�±�6XP�RI��n�±����WHUPV
  i.e.,  Tn = Sn – Sn–1.

1 Sequence and 
Series

Ch 1-1



Ch 1-2 IIT FOUNDATION MATHEMATICS CLASS – X

  Ex. 7KH�VXP�RI����WHUPV�RI�WKH�WKH�$�3��������������������LV

     S�� = 
�� �� � ��� �� ��
2

× + − × � �l a = 1, d = 2, n� ����

� � �� � � ����î���� �400. 
 �c� $ULWKPHWLF�0HDQ��7KH�$ULWKPHWLF�0HDQ�EHWZHHQ�WZR�QXPEHUV�LV�WKH�QXPEHU�ZKLFK�ZKHQ�SODFHG�EHWZHHQ�

WKHP�IRUPV�DQ�DULWKPHWLF�SURJUHVVLRQ�ZLWK�WKHP��7KXV�LI�x�LV�WKH�DULWKPHWLF�PHDQ�RI�WZR�JLYHQ�QXPEHUV�a�DQG�
b��WKHQ�a, x, b�IRUP�DQ�$�3�

   ? x – a = b – x   �  x  = 
+
2

a b
 

  Ex. �a���7KH�DULWKPHWLF�PHDQ�EHWZHHQ�±���DQG���LV�
� � ��

2
+ −

 = 1.

� � �� �b����)LQG���DULWKPHWLF�PHDQV�EHWZHHQ���DQG����
     Let A1, A2, A�, A4��EH�WKH�IRXU�DULWKPHWLF�PHDQV�EHWZHHQ���DQG����
� � �� 7KHQ�����A1, A2, A�, A4�����IRUP�DQ�$�3�
� � �� ������+HUH��)LUVW�WHUP� �a� ��
� � �� ���������������6L[WK�WHUP� �T6� ���
        Number of terms = n = 6
� � �� &RPPRQ�GLIIHUHQFH� �d = ?
          T6 = a����n�±����î�d
    �� ��� ��������±����î�d
    ��  ��� ������d  ���d� ������ d = 4. 
    ?   A1� ������� ����A2� ������� ���� A�� �������� �����A4� �������� ����
 �d� 6RPH�XVHIXO�IDFWV�DERXW�DQ�$�3�
  I. If each term of a given A.P. is increased or decreased or multiplied or divided by the same number, the 

resulting progression is also an A.P.

  II. If a, b, c are in A.P., then 
−
−

a b
b c

 = 1, i.e.,  =)LUVW WHUP ± 6HFRQG WHUP 1.
6HFRQG WHUP ± 7KLUG WHUP

 �e�� ,I�ZH�KDYH�WR�¿QG�DQ�RGG�QXPEHU�RI�WHUPV�LQ�$�3��ZKRVH�VXP�LV�JLYHQ��LW�LV�FRQYHQLHQW�WR�WDNH�a�DV�WKH�PLGGOH�
term DQG�d�DV�WKH�FRPPRQ�GLIIHUHQFH��7KXV��WKUHH�WHUPV�PD\�E\�WDNHQ�DV�a – d, a, a + d�DQG�¿YH�WHUPV�DV� 
a – 2d, a – d, a, a + d, a + 2d. >6ROYHG�([��������@��,I�ZH�KDYH�WR�¿QG�HYHQ�QXPEHU�RI�WHUPV��ZH�WDNH�a – d, a���d 
DV�WKH�PLGGOH�WHUPV�DQG��d�DV�WKH�FRPPRQ�GLIIHUHQFH��7KHQ��IRXU�WHUPV�DUH�WDNHQ�DV�a –3d, a – d, a + d, a + 3d.

SOLVED EXAMPLES

Ex. 1.  7KH��WK�WHUP�RI�D�VHULHV�LQ�$�3��LV����DQG�WKH����WK�WHUP�LV������)LQG�WKH�VHULHV�
 6RO� Let a�EH�WKH�¿UVW�WHUP�DQG�d�EH�WKH�FRPPRQ�GLIIHUHQFH�
� � 7KHQ��� T8 = a������±����d �� ��� �a����d ...�i�
    T��� = a��������±����d �� ���� �a������d ...�ii�
  ?� (TQ��ii��±�(TQ��i�
  �� � ��d = 282 � d� ��
� � 1RZ�VXEVWLWXWLQJ�d� ���LQ��i���ZH�JHW���� �a������� a� ���
  ? a = 2, d� �� �� 6HULHV�LV������������������������
Ex. 2. ,I�a, b�DQG�c�EH�UHVSHFWLYHO\�WKH�pWK��qWK�DQG�rWK�WHUPV�RI�DQ�$�3���SURYH�WKDW�a��q – r����b �r – p����c �p – q��� ���

 6RO� Let A EH�WKH�¿UVW�WHUP�DQG�D�WKH�FRPPRQ�GLIIHUHQFH�RI�WKH�JLYHQ�$�3�
� � 7KHQ�� Tp = A����p – ���'� �a ...�i�
    Tq = A����q – ���D = b� ����ii�
    Tr = A����r�±����D = c� ����iii�



SEQUENCE AND SERIES Ch 1-3

 ?� �i��î��q – r�����ii��î��r – p�����iii��î��p – q�
� � A�>�q – r�����r – p�����p – q�@���D >�p – ����q – r�����q – ����r – p�����r – ����p – q�@
  = a��q – r����b��r – p����c��p – q�
 � A�>�@���D [pq – q – pr + r + qr – r – pq + p + pr – p – qr + q@� �a��q – r����b��r – p����c��p – q�
 � a��q – r����b��r – p����c��p – q�� �A�î�����D × �� �0.

Ex. 3.    :KLFK�WHUP�RI�WKH�SURJUHVVLRQ�����
1 2�� � ��
� �

��������LV�WKH�¿UVW�QHJDWLYH�WHUP"

 6RO� Here a =�����d = 
1 4�� ��
� �

− = −

� � /HW�WKH�nWK�WHUP�EH�WKH�¿UVW�QHJDWLYH�WHUP��7KHQ�
    Tn����� � a����n�±����d ���
      ��������n ±���� � � ��− ����

      �����±�
4
�

n ���
4 �
�

<

      �  
�� � �
� �

n− <  �� n > 
�� � �� �24
� � � �

n× ⇒ > =

      �  n = ���
Ex. 4.    )LQG�WKH�VXP�RI�WKH�VHULHV���������������������������

 6RO�� ,Q�WKLV�FDVH��ZH�KDYH�WR�¿UVW�¿QG�WKH�QXPEHU�RI�WHUPV�
  Here a� ������l = Tn = 47, d� ����±����� �±�
  ?� ��� ��������n�±����î��±����ZKHUH�n = number of terms
  �� ��� �����±��n���
  � 2n� �����±���� ����� n = 28

  ? Sn = � �
2
n a l+

  � S28  = 
28 ���� ���
2

+ � ����î�����= �����

([���� 7KH�VXPV�RI�n�WHUPV�RI�WZR�DULWKPHWLF�VHULHV�DUH�LQ�WKH�UDWLR��n��������n�±����)LQG�WKH�UDWLR�RI�WKHLU���WK�
WHUPV�

 6RO�� /HW�WKH�WZR�DULWKPHWLF�VHULHV�EH�a, a + d, a + 2d�������DQG�A, A + D, A + 2D��������

� � *LYHQ�WKDW��
�>� � �� @ � �
�>� � �� @ � �

n a n d n
n A n D n

+ − +=
+ − −

  � 
� � �� � �
� � �� � �

a n d n
A n D n

+ − +=
+ − −

� ����i�

� � 5DWLR�RI�WKH���WK�WHUPV�RI�WKHVH�VHULHV� � ��

��

� � ��
� � ��

t a d a d
T A D A D

+ += =
+ +

  ?� 3XWWLQJ�n� ����LQ��i���ZH�KDYH� ��

��

� �� � �� �
� �� � �� �

t a d
T A D

+ × += =
+ × −

 = 
�� .
��

([�������7KH�VXP�RI�WKH�¿UVW�n�WHUPV�RI�WKH�DULWKPHWLFDO�SURJUHVVLRQ�����
1
2
���������LV�HTXDO�WR�WKH��nWK�WHUP�RI�WKH�

$�3��
1 1 1�� � �� � �� �
2 2 2

������&DOFXODWH�WKH�YDOXH�RI�n. 
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 6RO�� )RU�WKH�$�3�������
1� �
2
����������������������a� ����d = 

12
2

, number of terms = n

  �  Sn = 
2
n

 [2a����n�±����d@� �
�� � ��

2 2
n n + − ×  

�� ����i�

� � )RU�WKH�$�3���
1 1 1�� � �� � ��
2 2 2

���� a = 
1�� � ���
2

d =

  ?�      T2n = a + ��n�±����d =  
1�� �� �� ��
2

n+ − × � ����ii�

� � *LYHQ��Sn = T2n � 
� ��� � �� �� �� ��

2 2 2
n n n + − = + − ×  

� �)URP��i��DQG��ii��

  � 
2� � �

2 4 4
n n n+ −  = 

�� 24 12
2

n+ −  � 
2� � � 24

4 4 2
n n n+ = +

  � 
2� �� � �

4 4 2
− − =n n

 �� �n2�±���n�±���� ��

  �� �n2�±���n���n�±���� ��� �� �n��n�±����������n – ���� ��

  �� �n�±�������n������ �� � n = 18 or 
1
�

−

  �� 1HJOHFWLQJ�±�ve�YDOXH��ZH�KDYH�n = ���

([��������/HW�a1, a2, a3���������EH�WKH�WHUPV�RI�DQ�$�3��,I�
+ + + +

=
+ + + +

2
1 2 3

2
1 2 3

....

....
p

q

a a a a p
a a a a q

��p z q���WKHQ�¿QG� 6

21

a
a

.

�AIEEE 2006�
 6RO� Let d�EH�WKH�FRPPRQ�GLIIHUHQFH�IRU�WKH�$�3���a1, a2, a�������

� � 7KHQ��
2

1
2

1

� >� � �� @
� >� � �� @

p

q

S p a p d p
S q a q d q

+ −= =
+ −

  � 1

1

� � ��
� � ��
a p d p

qa q d
+ − =
+ −

 � q [2a1����p ±����d@� �p [2a1����q�±���d@

  � 2a1q��� 12pqd qd a p pqd pd− = + −  � pd – qd = 2a1p – 2a1q

  � d��p – q�� ��a1��p – q�� � d = 2a1

� � 1RZ� 6 1 1 1 1

21 1 1 1 1

�� �� � � ��Term 6
7HUP �� ��� �� �� � ��

a a d a a a
a a d a a a

+ − + ×= = = =
+ − + ×

 = 
11 .
41

([��������,I�WKH�QXPEHU�RI�WHUPV�RI�DQ�$�3��LV���n�������WKHQ�ZKDW�LV�WKH�UDWLR�RI�WKH�VXP�RI�WKH�RGG�WHUPV�WR�WKH�
VXP�RI�HYHQ�WHUPV" �NDA/NA 2008�

 6RO�� /HW�WKH�$�3��EH�a, a���d, a����d��������a�����n�±���d, a����nd 
� � 7KHQ��WKH�SURJUHVVLRQ�RI�RGG�WHUPV�LV�a, a����d, a����d��������a����nd.
  7KLV�SURJUHVVLRQ�KDV��n������WHUPV�

  Its sum = 
1 1> � @ >� � @ � �� � �

2 2
+ ++ + = + = + +n na a nd a nd n a nd � ����i�

� � 7KH�SURJUHVVLRQ�RI�HYHQ�WHUPV�LV a���d, a����d���������a�����n�±���d.
� � 7KLV�SURJUHVVLRQ�KDV�n�WHUPV�
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  Its sum = [ ]� � � �� ��
2

+ + + −n a d a n d  = >� � @ � �
2

+ = +n a nd n a nd � ����ii�

  ? 
6XP RI RGG WHUPV � �� � �
6XP RI HYHQ WHUPV � �

n a nd
n a nd
+ +=

+
 = 

+ 1 .n
n

� ([����� ,I�WKH�VXP�RI�WKH�URRWV�RI�WKH�TXDGUDWLF�HTXDWLRQ�ax2 + bx + c� ���LV�HTXDO�WR�WKH�VXP�RI�WKH�VTXDUHV�RI�
WKHLU�UHFLSURFDOV��WKHQ�VKRZ�WKDW�ab2, ca2, bc2�DUH�LQ�$�3���� �DCE�

� 6RO� Let D, E�EH�WKH�URRWV�RI�WKH�HTXDWLRQ�ax2���bx���c� ���
� � 7KHQ�D���E�= –b/a, DE�  c/a
� � *LYHQ��6XP�RI�URRWV� �6XP�RI�VTXDUHV�RI�UHFLSURFDOV�RI�URRWV

  � D���E�= 2 2
1 1+

α β
 � D���E�= 

2 2

2 2
α + β

α β
 � D���E�= 

2

2
� � �

� �
α + β − αβ

αβ

  � – b/a = 

2

2

2� � �

� � �

− − cb a
a

c a
 � − b

a
 = 

2

2
2−b ca

c
 � – bc2 = ab2 – 2ca2

  � 2ca2 = ab2���bc2 �� ab2, ca2, bc2�DUH�LQ�$�3�� �' a,b,c�LQ�$�3��� 2b = a���c�

�([������)LQG�WKH�YDOXH�RI�n��LI�
1 1n n

n n
a b

a b

+ ++
+

�LV�WKH�DULWKPHWLF�PHDQ�EHWZHHQ�a�DQG�b�� �WBJEE 2009�

� 6RO�� 7KH�DULWKPHWLF�PHDQ�EHWZHHQ�a�DQG�b is 
2
+a b

�

� � *LYHQ��
1 1

2

+ ++ +=
+

n n

n n
a b a b

a b
  �� �an���bn���a���b�� ���an�����bn���� � an�����anb + bna + bn+1 = 2an+1����bn��

  � an�����bn+1 = anb + bna �� �an�� – ban��±��bna – bn+1�� ��
  � an��a – b��±�bn��a – b�� ��� �� �an – bn���a – b�� ��
  �� �an – bn�� ���RU��a – b�� ��
  But a z b � a – b z �

   ? an – bn� ���� an = bn � 
�

1     = ⇒ = ⇒          

n na a a
b b b

= 0.n

�([������ ,I� ORJ10��� ORJ10� ��x� ±� ��� DQG� ORJ10� ��x������EH� WKUHH� FRQVHFXWLYH� WHUPV�RI�DQ�$�3��� WKHQ�¿QG� WKH�YDOXH�
RI��x�� �AMU 2012�

� 6RO�� *LYHQ��ORJ�����ORJ�����x�±�����ORJ�����
x������DUH�LQ�$�3��7KHQ�

� � ORJ�����
x�±����±�ORJ���� �ORJ�����

x������±�ORJ�����
x�±���

  � ��
2 1ORJ

2
 −
 
 

x

 = ��
� �ORJ
2 1

 +
 − 

x

x

  � 
2 1

2
−x

 = 
� �
2 1

+
−

x

x  �� ��x�±���2� �����x�����

  � 22x�±����x����� ����x����� � 22x�±����x�±��� ��
  � 22x�±����x����x�±��� ��� � 2x���x�±����������x�±���� ��
  ����x�±������x������ ��� � 2x� ��� �l 2x z�±��
  � x = ORJ2��
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�([������ ,I�a1, a2, a3, ... an�EH�DQ�$�3��RI�QRQ�]HUR�WHUPV��WKHQ�¿QG�WKH�VXP��
−

+ + +
1 2 2 3 1

1 1 1...
n na a a a a a

�����AMU 2009�

� 6RO� Let a2 – a1 = a� – a2� ���������� �an – an – 1 = d �FRPPRQ�GLIIHUHQFH�

� � 7KHQ��
� � � �

1 1+
a a a a

��������������
1

1

−n na a
 = 

� � � �

1 
+ +


d d

d a a a a
������������

1−



n n

d
a a

    = � �2 1

� � � �

1  −− + +


a aa a
d a a a a

������������ 1

1

−

−

− 



n n

n n

a a
a a

 = 
� � � �

1 1 1 1 1
− + − +

d a a a a
������������

1

1 1

−


− 

n na a

    = 1 1 1

1 1 1

� � �� �1 1 1 1 1     − + − −− = =     
     

n

n n n

a a a n d a
d a a d a a d a a

 = 
1

1 .
n

n
a a

−

�([������ ,I�WKH�VLGHV�RI�D�ULJKW�DQJOHG�WULDQJOH�IRUP�DQ�$�3���WKHQ�¿QG�WKH�VLQHV�RI�WKH�DFXWH�DQJOHV����VITEE 2008�

� 6RO�� /HW�WKH�'ABC�EH�ULJKW�DQJOHG�DW�&�
� � 7KHQ��AB = c, BC = a, AC = b
� � *LYHQ��WKH�VLGHV�RI�WKH�ULJKW�DQJOHG�'�DUH�LQ�$�3��� a, b, c�DUH�LQ�$�3�
� � 1RZ��OHW�a = x – d, b = x, c = x���d
� � �d�EHLQJ�D��YH�TXDQWLW\�DV�c�EHLQJ�WKH�K\SRWHQXVH�LV�WKH�JUHDWHVW�VLGH�
  ? c2 = a2���b2�� �3\WKDJRUDV¶�7KHRUHP�
  �� �x + d�2� ��x – d�2 + x2

  � x2����xd���d2 = x2 – 2xd���d2���x2

  � 4xd = x2  � �
4

= xd

  ? a = x – d = 
�

4 4
− =x xx , b = x, c = x���d = x��� 4x  = 

�
4
x

  C�EHLQJ�WKH�ULJKW�DQJOH��A�DQG�B�DUH�WKH�DFXWH�DQJOHV�

  ? sin A = 
a
c

  = 
� � �
� � �

=x
x

 DQG�VLQ�B = 
� � �

�� � �
4

b x x
xc x

= = =  

  ?� 7KH�VLQHV�RI�WKH�DFXWH�DQJOHV�DUH�
3 4, .
� �

 Ex. 14. a1, a2, a3, a4, a� DUH�WKH�¿UVW�¿YH�WHUPV�RI�DQ�$�3��VXFK�WKDW�a1 +  a3 + a� = ±���DQG�a1.a2.a3 = ���)LQG�WKH�
¿UVW�WHUP�DQG�FRPPRQ�GLIIHUHQFH�  

� 6RO� Let a1 = a� – 2d, a2 = a� – d, a� = a�, a4 = a� + d, a� = a� + 2d
� � 7KHQ�a1 + a� + a� = ±�����JLYHQ� ��a� – 2d���a� + a� + 2d = –12 ���a� = –12 � a� = – 4
� � $OVR��a1 . a2 . a� = ���JLYHQ�
  � a1 . a2 = ±��� �' a�� �±���� �� �a� – 2d���a� – d�� �±�
  �� �±���±��d���±���±�d�� �±��������� �����d�������d�� ��
  � d 2����d����� ��� � �� �d�����2� ���� d = – 3
  ? a1 = a� – 2d� �±����±���±��� �2.

�([������ ,I�a, b, c�DUH�LQ�$�3��VKRZ�WKDW�
� � � � � �, ,a b c b c a c a b
bc ca ab

+ + +
�DUH�LQ�$�3�

� 6RO� a, b, c�DUH�LQ�$�3�

 � , ,a b c
abc abc abc

�DUH�LQ�$�3��� �'LYLGLQJ�HDFK�WHUP�E\�abc�

A

b

CaB

c
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 � 
1 1 1, ,
bc ac ab

�DUH�LQ�$�3�

 � , ,+ + + + + +ab bc ca ab bc ca ab bc ca
bc ac ab

�DUH�LQ�$�3�� �0XOWLSO\LQJ�HDFK�WHUP�E\�ab + bc + ca�

 � 1, 1ab ca ab bc
bc ac
+ ++ + , 1+ +bc ca

ab
�DUH�LQ�$�3�

 � , ,+ + +ab ca ab bc bc ca
bc ac ab

�DUH�LQ�$�3�� �6XEWUDFWLQJ���IURP�HDFK�WHUP�

 � 
� � � � � �, ,+ + +a b c b a c c b a
bc ac ab

�DUH�LQ�$�3�

�([�������,I� , ,b c a c a b a b c
a b c

+ − + − + −
�DUH�LQ�$�3���SURYH�WKDW�

1 1 1, ,
a b c

�DUH�DOVR�LQ�$�3�

� 6RO� , ,b c a c a b a b c
a b c

+ − + − + −
�DUH�LQ�$�3�

 � 2, 2, 2b c a c a b a b c
a b c

+ − + − + −+ + + �DUH�LQ�$�3�� �$GGLQJ���WR�HDFK�WHUP�RI�$�3��

 � , ,b c a c a b a b c
a b c

+ + + + + +
�DUH�LQ�$�3�

 � 
1 1 1, ,
a b c

�DUH�LQ�$�3�� �'LYLGLQJ�HDFK�WHUP�E\�a + b + c�

�([������ ,I�a, b, c�DUH�LQ�$�3���VKRZ�WKDW�
1 1 1, ,

b c c a a b+ + +
�DUH�LQ�$�3��� �NDA/NA 2010�

� 6RO�� *LYHQ�a, b, c�DUH�LQ�$�3��� 2b = a + c

� � 1RZ�
1 1 1, ,
+ + +b c c a a b

�DUH�LQ�$�3���LI

  
1 1 1 1− = −
+ + + +c a b c a b c a

 � 
2 1 1= +
+ + +c a b c a b

 � 
2

� � � �
+ + +=

+ + +
a b b c

c a b c a b

 � 2 � � � �+ +b c a b  = � � � � �c a a b c+ + +

 � 2 � �ab b ac bc+ + +  = � � � �+ + + + +ac bc c a ba ac

 � 2 2 2 2ab b ac bc+ + +  = 2 2 2ac bc c a ba+ + + +
 � 2b = a + c��ZKLFK�LV�WUXH�DV�a, b, c�DUH�LQ�$�3�

 � 
1 1 1, ,
+ + +b c c a a b

�DUH�LQ�$�3�

�([������:KDW�LV�WKH�VXP�RI�DOO�WZR�GLJLW�QXPEHUV�ZKLFK�OHDYH�UHPDLQGHU���ZKHQ�WKH\�DUH�GLYLGHG�E\��"

� 6RO�� 7KH�WZR�GLJLW�QDWXUDO�QXPEHUV�ZKLFK�OHDYH�D�UHPDLQGHU����ZKHQ�GLYLGHG�E\���DUH�������������������������
  ?��������������������������LV�DQ�$�3��ZKRVH�¿UVW�WHUP�a� ����DQG�FRPPRQ�GLIIHUHQFH�d  ���
� � /HW�WKH�ODVW�RU�nWK�WHUP�EH�Tn�
� � 7KHQ��Tn = a����n�±����d,�ZKHUH�n�LV�WKH�QXPEHU�RI�WHUPV�LQ�$�3�
  �� ��� �������n – 1���
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  �� ��� ��n�±������� n – 1 = 12 � n� ���

  ?� 5HTXLUHG�6XP� �
2
n
��a���l�� �

�� ��� ���
2

+  = 
�� ��� �� ��
2

����× = × =

�([������:KDW�LV�WKH�VXP�RI�WKH�VHULHV��2 – 22 + 32 – 42��������������2 – 1002�� �Orissa JEE 2006�

� 6RO� 12 – 22����2 – 42����2 – 62��������������2�±����2

� � �  ����±�����������������±�����������������±���������������������������±����������������
� � �  �±���������±���������±���������������±�����������

� � �  �±�������������������������������������������� �±�
��� �� ����

2
 +  

� �' Sn = 
2
n
��¿UVW�WHUP���ODVW�WHUP��

� � �  �±����î����� �±������

�([������ ,I�WKH�¿UVW��VHFRQG�DQG�ODVW�WHUPV�RI�DQ�DULWKPHWLF�VHULHV�DUH�a, b DQG�c UHVSHFWLYHO\��WKHQ�ZKDW�LV�WKH�
QXPEHU�RI�WHUPV"� �MPPET 2009�

� 6RO� 
)LUVW WHUP
6HFRQG WHUP

a
b

= 
= 

 ��FRPPRQ�GLIIHUHQFH��d�� �b – a

  Last term = c
� � /HW�WKH�QXPEHU�RI�WHUPV�EH�n��7KHQ�
  c = a����n�±����î�d � c = a����n�±����î��b – a��� c – a� ��n�±�����b – a�

 �� �n ±���� �
−
−

c a
b a

 � n = 1− − + −+ =
− −

c a c a b a
b a b a

 = 
2 .c b a

b a
+ −

−
�([������$IWHU� LQVHUWLQJ�x�$�0
V��EHWZHHQ���DQG����� WKH� VXP�RI� WKH�UHVXOWLQJ�SURJUHVVLRQ� LV������:KDW� LV� WKH� 

YDOXH�RI�x"� �AMU 2001�
� 6RO�� $IWHU�LQVHUWLQJ�x�$�0
V�EHWZHHQ���DQG�����ZH�JHW�DQ�$�3��RI��x������WHUPV�ZLWK�¿UVW�WHUP�DV���DQG�ODVW�WHUP 

DV����
� � 1RZ��VXP�RI�n�WHUPV�RI�DQ�$�3�� �

2
n
�a + l���ZKHUH�a� �¿UVW�WHUP��l  �ODVW�WHUP

  ?� +HUH������ �
� �� �� ���

2
+ +x

 ������ �����x + ��

  �� � ��x������ ����� ����x� ������ x = ��

PRACTICE SHEET

 1.�)LQG�WKH���WK�WHUP�RI�WKH�$�3������������±���±����±����������"
� ��a��±��� �b����� �c��±��� �d��±���

 2.�7KH��QG����VW�DQG�ODVW�WHUP�RI�DQ�$�3��DUH�
� �7 ,
4 2

�DQG�
16
2

−

UHVSHFWLYHO\��7KH�QXPEHU�RI�WHUPV�RI�WKH�$�3��LV
� ��a����� �b����� �c����� �d����
 3. If p�WLPHV�WKH�pWK�WHUP�RI�DQ�$�3��LV�q�WLPHV�WKH�qWK�WHUP��

WKHQ�ZKDW�LV��p + q�WK�WHUP�HTXDO�WR"
� ��a��p + q� �b��pq� �c���� �d���
     �NDA/NA 2010�
 4.�7KH���WK�WHUP�RI�DQ�$�3��LV�����DQG�WKH����WK�WHUP�LV�����

:KLFK�WHUP�LV�HTXDO�WR��"
� ��a�����VW�WHUP� �b�����QG�WHUP
� ��c�����WK�WHUP� �d�����WK�WHUP
     �NDA/NA 2010�
� �� Let Tr�EH�WKH�rWK�WHUP�RI�DQ�$�3��ZKRVH�¿UVW�WHUP�LV�a�DQG�

FRPPRQ�GLIIHUHQFH�LV�d��,I�IRU�VRPH�SRVLWLYH�LQWHJHUV�m�DQG�

n, Tm = 
1
n
�DQG�Tn = 

1
m
��WKHQ��a – d��HTXDOV

� ��a����mn� �b���� �c���� �d��
1 1+
m n

    �AIEEE 2004, UPSEE 2007�
 6. If a, b, c�EH� LQ�$ULWKPHWLF�3URJUHVVLRQ�� WKHQ�WKH�YDOXH�RI 

�a + 2b – c����b + c – a���a + 2b + c��LV
� ��a���abc� �b���abc� �c���abc� �d����abc
      �WBJEE 2008�

� ���)LQG�WKH�VXP�RI����WHUPV�RI�WKH�VHULHV�
1 1 1� � � � � � ��
� � �

�������"

� ��a������ �b������ �c������ �d�����
� ���,I�WKH�VXP�RI�WKH���WK�DQG���QG�WHUPV�RI�DQ�$�3��LV������WKHQ�

WKH�VXP�RI�WKH�¿UVW����WHUPV�RI�WKH�$�3��LV
� ��a������� �b������� �c������� �d������
    �Kerala PET 2008�
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� �� If S1 = a2���a4���a6���������XSWR�����WHUPV�DQG�S2 = a1���a�  
��a����������XSWR�����WHUPV�RI�D�FHUWDLQ�$�3���WKHQ�LWV�FRPPRQ�
GLIIHUHQFH�LV

� ��a��S1 – S2 � �b��S2 – S1

� ��c�� 1 2

2
−S S

� � �d��1RQH�RI�WKHVH

      �AMU 2010�
 10.�7KH�VXP�RI�n�WHUPV�RI�DQ�$�3��LV��n����n2��:KLFK�WHUP�RI�

WKLV�$�3��LV�HTXDO�WR����"
� ��a����WK� �b����WK� �c����WK� �d����WK
 11. If Sn� GHQRWHV� WKH� VXP� RI� ILUVW� n� WHUPV� RI� DQ�$�3�� 

a1���a2���a���������VXFK�WKDW�
2

2=m

n

S m
S n

��WKHQ� m

n

a
a

 = ?

� ��a��m�±�����n�±��� �b��m – n : m + n
� ��c���m ±������n – �� �d��m�������n ���

�J&K CET 2013�
 12.�,I�WKH�VXP�RI�WKH�¿UVW�WHQ�WHUPV�RI�DQ�$�3��LV���WLPHV�WKH�VXP�

RI�WKH�¿UVW�¿YH�WHUPV��WKHQ�WKH�UDWLR�RI�WKH�¿UVW�WHUP�WR�WKH�
FRPPRQ�GLIIHUHQFH�LV�

� ��a�������� �b�������� �c�������� �d�������
    �NDA/NA 2003�
 13.�:KDW�LV�WKH�VXP�RI�QXPEHUV�O\LQJ�EHWZHHQ�����DQG������

ZKLFK�DUH�GLYLVLEOH�E\��"
� ��a������� �b������� �c������� �d������
 14.�7KH� UDWLR� EHWZHHQ� WKH� VXP� RI�n� WHUPV� RI� WZR�$�3�
V� LV� 

��n ���������n �������7KH�UDWLR�RI�WKHLU���WK�WHUPV�LV
� ��a������������ �b������������ �c����������� �d�����������
���� Let Sn�GHQRWH�WKH�VXP�RI�¿UVW�n�WHUPV�RI�DQ�$�3��,I�S2n� ��Sn, 

WKHQ�WKH�UDWLR� �n

n

S
S

�LV�HTXDO�WR

� ��a���� �b���� �c���� �d����
   �MAT 2002, Rajasthan PET 2006�
 16.�,I�WKH�VXP�RI��n�WHUPV�RI�WKH�$�3������������������LV�HTXDO�WR�

WKH�VXP�RI�n�WHUPV�RI�$�3�����������������������WKHQ�n�LV�HTXDO�
to

� ��a����� �b����� �c����� �d����
    �IIT 2001�
���� If S1, S2, S��GHQRWH�UHVSHFWLYHO\�WKH�VXP�RI�¿UVW�n1, n2�DQG�

n� WHUPV�RI�DQ�$�3���WKHQ

  �1 2
� � � � � �

� � �
� � � � � �− + − + −SS Sn n n n n n

n n n
 LV�HTXDO�WR�

� ��a���� � �b��n1���n2���n�
  �c��n1 n2 n�� � �d��S1 S2 S�  �DCE 2007�

���� If Sn = nP ��
2
n
��n�±���Q��ZKHUH�Sn�GHQRWHV�WKH�VXP�RI�¿UVW�

n�WHUPV�RI�DQ�$�3���WKHQ�WKH�FRPPRQ�GLIIHUHQFH�RI�WKH�$�3��
is

� ��a��Q� �b��P + Q� �c��P + 2Q� �d���P����Q
      �DCE 2001�
���� n�DULWKPHWLF�PHDQV�DUH�LQVHUWHG�EHWZHHQ���DQG�����,I� WKH�

UDWLR�RI�WKH�ODVW�DQG�WKH�¿UVW�DULWKPHWLF�PHDQ�LV��������WKHQ�n 
LV�HTXDO�WR

� ��a���� �b���� �c���� �d���
�DEC 2008�

 20. If a1, a2, a��� �����an�DUH� LQ�$�3��DQG�a1� ���� WKHQ�WKH�YDOXH� 

of � 4
2

� � � � � �

1 1 1��� ���n

n n

a aa
a

a a a a a a− −

   
+ + + − + + +      

 is  

HTXDO�WR

� ��a��
1+n
n
� � �b��

1
1

+
−

n
n

 

� ��c��
1� ��

� ��
− +

−
n

n
� �d��

1� ��
� ��

n
n

− +
−

 

   �Kerala PET 2011�
 21. Let a1, a2, a�, a4�EH�LQ�$�3��,I�a1���a4� ����DQG�a2a� = 24, 

WKHQ�WKH�OHDVW�WHUP�RI�WKHP�LV
� ��a���� �b���� �c���� �d���
     �Kerala PET 2013�
 22.�$Q�$�3��KDV�D�SURSHUW\�WKDW�WKH�VXP�RI�¿UVW�WHQ�WHUPV�LV�KDOI�

WKH�VXP�RI�QH[W�WHQ�WHUPV��,I�WKH�VHFRQG�WHUP�LV�����WKHQ�WKH�
FRPPRQ�GLIIHUHQFH�LV

� ��a���� �b���� �c���� �d���
     �Kerala PET 2013�

 23.�7KH�VLGHV�RI�D�WULDQJOH�DUH�LQ�$�3��DQG�LWV�DUHD�LV�
� WK
�

�WKH�

DUHD�RI�DQ�HTXLODWHUDO�WULDQJOH�RI�VDPH�SHULPHWHU��7KH�VLGHV�
RI�WKH�WULDQJOH�DUH�LQ�WKH�UDWLR�

� ��a���������� 7 ��b������������ �c������������ �d�����������
 24.�,I�ORJ����ORJ����x�±����DQG�ORJ����

x�±������DUH�LQ�$�3���WKH�YDOXH�
of x is

� ��a���� �b��
1
�
� �c���� �d���

      �IIT 1990�
���� If a1, a2, a��� ����� ��an� DUH� LQ�$�3�ZLWK� FRPPRQ�GLIIHUHQFH� 

d z����WKHQ�WKH�YDOXH�RI�VLQ�d��FRVHF�a1 cosec a2���FRVHF�a2 
cosec a�����������FRVHF�an – 1 cosec an��ZLOO�EH

� ��a��VHF�a1 – sec an� �b��WDQ�a1 – tan an

 ��c��FRVHF�a1 – cosec an� �d��FRW�a1 – cot an
     �Rajasthan PET 2000�

ANSWERS

 1. �c� 2. �d� 3. �d� 4. �c�� ��� �c�� 6.� �d�� ��� �c�� ��� �a��� ��� �d��� 10.� �b�
 11. �c� 12. �a� 13. �c� 14. �b�� ���� �b�� 16.� �b�� ���� �a�� ���� �a��� ���� �b��� 20.� �d�
 21. �b� 22. �b� 23. �d� 24. �d�� ���� �d�
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HINTS AND SOLUTIONS

 1. Tn = a����n�±���d � T26 = a�����d
  Here a� �����d = – 4
  ? T26� ���������î��±��� ����±����� �±����
 2.�/HW�WKH�¿UVW�WHUP��FRPPRQ�GLIIHUHQFH�DQG�QXPEHU�RI�WHUPV�

RI�WKH�$�3��EH�a, d�DQG�n�UHVSHFWLYHO\��7KHQ�

   a���d = 
�7
4
� ����i�

   a�����d = 
1
2
� ����ii�

� �DQG� a����n�±���d = 
16
2

− � ����iii�

� �(TQ��ii��±�(TQ��i�

  �� ��d = 
� �� ��– –
2 4 4

=

  � d = 
1
4

−

� �3XWWLQJ���d  = 
1
4

− �LQ��i���ZH�JHW

   a 
� � � �7 7
4 4 4 4

a− = ⇒ = +

                                                  �   a = 8
  ?��3XWWLQJ�WKH�YDOXHV�RI�a�DQG�d�LQ��iii���ZH�KDYH

� �� �����n�±����
1
4

 −  
 = 

��
2

−

  � 
1 18 –
4 4

n+  = 
��
2

−

  � 
1
4

n−  = 
�� ��
2 4

− −

  � 
1
4

n−  = 
��
4

−

  � n� ����
 3.�*LYHQ��p�a����p�±����d�� �q �a + �q�±���d���ZKHUH�a�DQG�d are 

WKH�¿UVW�WHUP�DQG�FRPPRQ�GLIIHUHQFH�RI�WKH�$�3�
  �� �p – q�a� ��q2 – q – p2���p�d
  �� ±��q – p�a� ��q – p����q���p��±����d
  � – a� ���q���p��±���d
  � a�����p���q��±���d� ��
  � tp + q = 0.
 4. Let a�DQG�d�EH�WKH�¿UVW�WHUP�DQG�FRPPRQ�GLIIHUHQFH�RI�WKH�

JLYHQ�$�3�
� �7KHQ�� a������d� ����� ����i�
   a�������d� ���� ����ii�
� �6ROYLQJ�HTQV��i� DQG��ii��VLPXOWDQHRXVO\��ZH�JHW
   a� ������d = – 1
� �1RZ�DVVXPH�WKDW�WKH�nWK�WHUP�LV�]HUR�
  ?� �� �a����n�±���d
  �� �� ��������n ±�����±���
  �� ���� �n – 1
  � n� �����

� ���*LYHQ�� Tm = 
1 1� ± ��a m d
n n

⇒ + = � ����i�

   Tn = 
1 1� ± ��a n d
m m

⇒ + = � ����ii�

� �(T���ii��– (T���i�� ����n – m�d = 
1 1
m n

−

    ���n – m�d = 
1n m d

mn mn
− ⇒ =

� �3XWWLQJ�d = 
1

mn
�LQ��i���ZH�JHW�a = 

1
mn

  ? a – d = 
1 1

mn mn
−  = 0.

 6. a, b, c�DUH�LQ�$�3��� 2b = a���c
  ?� �a����b – c����b���c – a���a����b���c�
� ��  ��a���a���c – c���a���c���c – a����b����b�
   = 2a · 2c · 4b = 16abc�

� �� Here a = 
� �� � �� �� �,
� � � � �

d −= − = =

  ? S24 = 
�� � �� ��� ��
2 2 6

 × + −  

 [ ]� � ± ��
2n
nS a n d = +  

'

    = 
�� ��� �

6
× +  

� ���>��������@� ���î����� �����

� ���/HW� WKH� ¿UVW� WHUP�RI� WKH�$�3�� EH�a� DQG� OHW� WKH� FRPPRQ�
GLIIHUHQFH�EH�d��

� �7KHQ�� t12���t22�  ����� ����a�����d�����a�����d�� ����
     � 2a�����d� ����� ����i�
� �1RZ�VXP�RI�¿UVW����WHUPV�RI�WKH�$�3

    = 
��
2
���a�����d�� �� � ± ��

2
 = +  
' n

nS a n d

    = 
�� ���
2

× � �)URP��i��

    = �����
� ���*LYHQ�WKDW�
   S1 = a2���a4���a6�����������XSWR�����WHUPV� «�i�
   S2 = a1 ��a����a������������XSWR�����WHUPV� «�ii�
  Let d�EH�WKH�FRPPRQ�GLIIHUHQFH�RI�WKH�JLYHQ�$�3��7KHQ�
   d = a2 – a1 = a� – a2 = a4 – a�� � «�iii�
� �6XEWUDFWLQJ�HTQ��ii��IURP�HTQ��i���ZH�KDYH
      S1 – S2 � ���a1 – a2�����a4 – a������a6 – a�����������XSWR�����WHUPV
            = d���d���d����������XSWR�����WHUPV
� ����������� �����d

  �   d = �
S S−1 2

100
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 10.�� 6n� ��n2����n
  ? Sn – 1� ���n�±���

2������n ±���
� �� � ��n2 – 6n��������n�±��� ��n2 – 4n����
  ? Tn = Sn – Sn – 1
� �� � ���n2����n��±���n2 – 4n������ ��n�±���
� �*LYHQ�� Tn� ����
  � 6n�±��� ����
  � 6n� ����� � n� ����

 11.  m

n

S
S

 = 
2

1
2

1

�� >� � �� @
�� >� � �� @

+ − =
+ −

m a m d m
n a n d n
�d o�FRPPRQ�GLIIHUHQFH�RI�$�3��

  � n[2a1����m�±����d@�  �m[2a1����n�±����d@
  � 2a1��n – m��  �d��n – m�� � d = 2a1

  ? 
WK WHUP
WK WHUP

m

n

a m
a n

=  = 1

1

� ��
� ��

+ −
+ −

a m d
a n d

    = 1 1 1 1

1 1 1 1

� �� Â � �
� �� Â � �

+ − − +=
+ − − +

a m a a a m
a n a a a n

    = 1

1

�� ± ��
�� ± ��

m
n

= 2 – 1 .
2 – 1

a m
a n

 12. Let a� DQG�d� EH� WKH� ILUVW� WHUP� DQG� FRPPRQ� GLIIHUHQFH�
UHVSHFWLYHO\�RI�WKH�$�3�

   S�� = 
��
2

 [2a����d@

   S� = 
�
2

 [2a����d@

� �*LYHQ��S�� = 4S�

  �� ���a����d��  �
�4
2

×  [2a����d@

  �� ��a�����d�  ���a�����d
  �� �d�  ���a

  � 
a
d

 = 
� �
�� �

=  � a���d� �������

 13.�7KH�QXPEHUV�EHWZHHQ�����DQG�����GLYLVLEOH�E\���DUH
� �� �������������������������������������
� �7KLV� LV� DQ�$�3�ZLWK� ILUVW� WHUP� �a��  � ���� DQG� FRPPRQ�

GLIIHUHQFH��d�� ����/HW�WKH�ODVW�WHUP�EH�WKH�nWK�WHUP�
  ? Tn = a����n�±���d
  ���������n�±����î��� ����
  �� �n� �����±����� ����
  � n� ����

  ?� 5HTXLUHG�VXP� �
2
n
��a���Tn�� �

��
2
������������

    = 
�� ���
2

×  = �����

 14.�/HW�WKH�WZR�$�3�¶V�EH�a, a���d, a����d����������DQG�A, A���D,  
A����D���������

� �*LYHQ��
�� >� � ± �� @
�� >� � ± �� @

+
+

n a n d
n A n D

 = 
7 1

4 27
+

+
n

n

  � 
� � ± ��
� � ± ��

+
+

a n d
A n D

 = 
7 1

4 27
+

+
n

n
� ����i�

� �1RZ��ZH�KDYH�WR�¿QG�WKH�UDWLR� 11

11

�� � ��
�� � ��

+ += =
+ +

t a d a d
T A D A D

� �3XWWLQJ�n� ����LQ��i���ZH�JHW

   
� ��
� ��

+
+

a d
A D

 = 
7 21 1 147 1 148

4 21 27 84 27 111
× + += =

× + +
  ? t11���T11 = ����������
���� Let a�EH�WKH�¿UVW�WHUP�DQG�d�WKH�FRPPRQ�GLIIHUHQFH�RI�WKH�

JLYHQ�$�3�

� �7KHQ�� Sn = 
2
n

 [2a����n�±����d@

   S2n = 
2
2
n

 [2a�����n�±����d@

   S�n = 
�
2
n

 [2a�����n�±����d@

� �*LYHQ�� S2n� ��Sn

  � 
2
2
n

 [2a�����n�±����d@� �
�
2
n

 [2a����n�±����d@

  � 4a����nd – 2d = 6a����nd�±��d
  � d���nd = 2a

  � a = 
� ��

2
+d n

 ...�i�

� �1RZ�� �n

n

S
S

 = 

� >� �� ± �� @
2

>� � ± �� @
2

+

+

n a n d

n a n d

    = 
�>� �� �� �� @
>� �� � �� @

+ + −
+ + −

n d n d
n d n d

� �)URP��i��

    = 
� � � �+ + −

+ + −
nd d nd d
nd d nd d

    = 
12
2

= 6.nd
nd

 16.�)RU�WKH�,VW�$�3������������������������
� �)LUVW�WHUP��a1�� ����FRPPRQ�GLIIHUHQFH��d1�� ��
  ?��7KH�VXP�RI�WKLV�$�3��WR��n terms 

    = [ ]1 1
2 � �� ��
2

+ −n a n d

   = n>������n�±����@
   = 4n����n2�±��n = 6n2���n = n���n�����
� �)RU�WKH�VHFRQG�$�3����������������������������
� �)LUVW�WHUP��b1�� ������FRPPRQ�GLIIHUHQFH��d2�� ��
  ?� 7KH�VXP�RI�WKLV�$�3��WR�n term is

� �6XPn  = 
2
n

 [2b1����n�±����d2@

             = 
2
n
�>�������n�±�����@

� ������������ ���n���n2 – n = n2�����n = n �n������
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� �*LYHQ�� S2n� �6XPn

  � n��n������ �n�n������
  � 6n����� �n������ �� �n� ���� � n = 11.
�����/HW�WKH�¿UVW�WHUP�RI�WKH�JLYHQ�$�3��EH�a�DQG�WKH�FRPPRQ�

GLIIHUHQFH�EH�d�

� �7KHQ�� S1 = 1

2
n

 [2a����n1�±����d@

   S2 = 2

2
n

 [2a����n2�±����d@

   S� = �

2
n

 [2a����n��±����d@

  ? �1 2
� � � � � �

� � �
� � � � � �− + − + −SS Sn n n n n n

n n n

    = 
1

1

2
n

n
 [2a����n1�±����d@��n2 – n�����

2

2

2
n

n
 [2a����n2�±����d@�

�n� – n1����
�

�

2
n

n
 [2a����n� – d�@��n1 – n2�

    = 
1
2

 [2a��n2 – n���+ n1��n2 – n���±�d��n2 – n��@��

��
1
2

 [2a �n� – n1����n2��n� – n1��±�d��n� – n1�@� 

��
1
2

 [2a�n1 – n2����n���n1 – n2��±�d��n1 – n2�@

    = 
1
2

 [2an2 – 2an� + 2an� – 2an1����an1 – 2an2�����n1n2 

– n1 n����n2n� – n1n2���n�n1 – n�n2�� 

– d��n2 – n� + n� – n1���n1 – n2�@
   = 0.
���� nWK�WHUP�RI�DQ�$�3��LV�JLYHQ�E\

   Tn�  �6XP�RI�n�WHUPV�±�6XP�RI��n�±����WHUPV

    = Sn – Sn – 1

    = nP���
2
n
��n�±���Q – 

� ��� �� � ��
2
− − + −  

nn P n Q

    = nP – nP���P���
2
Q

 [n2 – n – n2����n�±��@

    = P���
2
Q
���n�±���

    = P����n�±����Q.
  ?��&RPPRQ�GLIIHUHQFH��d�� �Tn – Tn – 1

    = P����n�±���Q�±��P����n�±���Q�
    = Q.

���� Let a1, a2, a�����������an�EH�WKH�n�DULWKPHWLF�PHDQV�EHWZHHQ���
DQG�����7KHQ�

� ����a1, a2, a�����������an�����IRUP�DQ�$�3�

  Let d�EH�WKH�FRPPRQ�GLIIHUHQFH�RI�WKLV�$�3��7KHQ�

   a1� �����d� �DQG� �an = 17 – d

� �*LYHQ��
1

na
a

 = 
� �� ± �
� � �

⇒ =
+

d
d

  � 17 – d� ������d
  � 4d = 8 � d� ���
� �$OVR����LV�WKH��n�����WK�WHUP�RI�WKH�JLYHQ�$�3�
  ?� ��� ������n�����±����
  �� ��� ������n������
  �� ��� ��n������� � n����� ��� � n = 6.

 20.�*LYHQ��a1, a2, a�����������an DUH�LQ�$�3�DQG�a1� ���
  Let d�EH�WKH�FRPPRQ�GLIIHUHQFH�RI�WKH�WKH�$�3��6R�
   a2 = a1���d = d

  ? a� = a1����d = 2d, a4� ��d, a� = 4d���������an� ��n�±���d

  ? � 4
2

� � � � � �

1 1 1���� ����
− −

   + + + − + + +   
   

n

n n

a aa a
a a a a a a

    = 
� � � ������

� � ��
− + + + − 

d d n d
d d n d

1 1 1����
� � ��

 − + + + − 
d

d d n d

    = 
� � � � �� ���� � ����
� � � � �

−   + + + − + + + +   − −   
n
n n

    = 
1 1�� �� � ���� �
2 2

    + + + + +     −  n

– 
1 1 1� ����
� � �n

 + + + + − 
� �� �  ����������������WR��n�±����WHUP

 – 
1 1 1 1� ����
� � � ± �� � ��

 + + + + − n n

– 
1 1 1� ����
� � �

 + + + + − n

    = � �
� �

n
n

− +
−
12

2
�

 21. Let a1 = a�±��d, a2 = a – d, a� = a���d, a4 = a����d

� �*LYHQ�� a1���a4� ���� � a�±��d���a����d� ���

  � 2a� ���� � a� ��

� �$OVR�� a2 a� = 24 �� �a – d���a���d�� ���

  � a2 – d 2 = 24

  �� ���±�d 2 = 24 � d 2 = 1 � d = 1

  ?� 7KH�OHDVW�WHUP�LV�a�±��d� ���±��� �2.



SEQUENCE AND SERIES Ch 1-13

 22.�6XP�RI�¿UVW����WHUPV� �
1
2
��6XP�RI�QH[W����WHUPV�

  � S�� = 
1
2
��S�� – S���� �� �S�� = S��

  � 
�� ��� >� � @ >� �� @
2 2

a d a d× + = +

>� � ± �� @
2

 = +  
' n

nS a n d

  �� ���a����d�� ����a�����d�
  � 6a�����d = 4a�����d
  � 2a = 11d
  �� �������d�� ���d���'�6HFRQG�WHUP� ����DQG����±�a = d�
  � 26 – 2d = 11d
  �� ��d = 26 � d = 2.
 23.�/HW�WKH�VLGHV�RI�WKH�WULDQJOH�EH�a – d, a, a���d�
� �� �3HULPHWHU�RI�WKH�WULDQJOH� �a – d + a ��a���d� ��a

  ?� (DFK�VLGH�RI�WKH�HTXLODWHUDO�WULDQJOH� �
�
�

=a a

  ?� $UHD�RI�HTXLODWHUDO�WULDQJOH� � 2� �
4

a

� ��$UHD�RI�WKH�JLYHQ�' = � � � � � � � ��− − − − +s s a d s a s a d

ZKHUH�
�
2

= as

    = 
� � � �
2 2 2 2

     − + − − −          
a a a aa d a a d

    = 
� � � �
2 2 2 2
a a d a a d     + −          

    = 2 2 2� �
4 4

 −  
a a d

  *LYHQ�� 2 2 2� �
4 4

 −  
a a d  = 2� �

� �
× a

  � 4 2 2� �
16 4

−a a d  = 
2

2� �
��

 
  

a

  � 4 2 2� �
16 4

−a a d  = 427
���

a

  � 4 4� ��
�� ���

−a a  = 2 2�
4

a d

  � 2 2� �
�� ���

a a−  = 21
4

d

  � 
2 2�� �
���

a a−
 = 21

4
d

  � 
216

���
a

 = 21
4

d

  � 
2

2
a
d

 = 
��� ��
64 8

⇒ = =a k
d

��VD\�

  ?� � �a – d����a����a���d�� ����k – 8k������k������k����k�
    = 12k�����k�����k = ����������

 24.�ORJ����ORJ����x�±����DQG�ORJ� 
72
2

 −  
x �DUH�LQ�$�3�

  �� ��ORJ����
x�±���� �ORJ�������ORJ����

x�±�����

�'�a, b, c�LQ�$�3���� 2b = a���c�

  �� ORJ����
x�±���2� �ORJ�>���

x�±�����@

�'�a�ORJ�b� �ORJ ba�DQG�ORJ�a���ORJ�b� �ORJ�ab�

  �� ��x�±���2 = 2x�����– 7

  Let 2x = y��7KHQ�
� �� �y�±���2 = 2y – 7
  � y2 ±���y������ ��y – 7
  � y2 – 12y������ ��
  �� �y ±�����y ±���� ��
  � y = 8  or  4 � 2x = 8  or  2x = 4 
   2x = 8  �  x = 3

�' 2x� ���VKDOO�PDNH�WKH�WHUP�ORJ���
x –���

QHJDWLYH�ZKLFK�LV�QRW�SRVVLEOH�
����  d = a2 – a1 = a� – a2 = a4 – a�� ������� �an – an – 1�
� �1RZ��VLQ�d��FRVHF�a1 cosec a2���FRVHF�a2 cosec a����������
� �� �� ��FRVHF�an – 1 cosec an�

  = 
� � � � �

sin sin sin�����
sin sin sin sin sin sin−

+ + +
n n

d d d
a a a a a a

  = 1� �2 1

� � � � �

VLQ � �VLQ � �VLQ � �
�����

sin sin sin sin sin sin
−

−

−−− + + + n n

n n

a aa aa a
a a a a a a

  = 2 1 2 1

1 2

sin cos cos sin
sin sin

−a a a a
a a

� � � �

� �

sin cos cos sin
sin sin

−+ a a a a
a a

��������

�� 1 1

1

sin cos cos sin
sin sin

− −

−

−n n n n

n n

a a a a
a a

  = �1 2 2

� � � �

coscos cos cos
����

sin sin sin sin
− + − +aa a a

a a a a

1

1

cos cos
sin sin

−

−
+ −n n

n n

a a
a a

  = FRW�a1�±�FRW�an.
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GEOMETRIC PROGRESSION (G.P.)

KEY FACTS
 1. A *HRPHWULF�3URJUHVVLRQ��*�3��LV�RQH�LQ�ZKLFK�WKH�UDWLR�RI�DQ\�WHUP�WR�LWV�SUHGHFHVVRU�LV�DOZD\V�WKH�VDPH�QXPEHU��

7KLV�UDWLR�LV�FDOOHG�WKH�FRPPRQ�UDWLR��7KXV��D�VHTXHQFH��a1, a2���������an�LV�VDLG�WR�EH�LQ�*�3��

if  2

1

a
a

 = � 4

� � �
���� n

n

a aa r
a a a −

= = = =

ZKHUH�a1, a2, a��������DUH�DOO�QRQ�]HUR�WHUPV�RI�WKH�*�3��DQG�r�LV�WKH�FRPPRQ�UDWLR�
([DPSOHV�RI�*�3�
� 3URJUHVVLRQ� &RPPRQ�UDWLR

 �i�� ���������������������� r� ��
� �ii�� �������±�����������±�������� r� �±����
� �iii�� x, x2, x�, x4, .... r = x

If a GHQRWHV�WKH�¿UVW�WHUP�RI�D�*�3��DQG�r��WKH�FRPPRQ�UDWLR��WKHQ�D�VWDQGDUG�*�3��LV�a, ar, ar2���������
 ��� 7KH�nWK�WHUP�RI�D�*�3�

)RU�D�VWDQGDUG�*�3�ZLWK�¿UVW�WHUP� �a��FRPPRQ�UDWLR� �r DQG�QXPEHU�RI�WHUPV� �n, ZH�NQRZ�WKDW�
� )LUVW�WHUP� 6HFRQG�WHUP� 7KLUG�WHUP� )RXUWK�WHUP
 t1 = a t2 = ar t� = ar2 t4 = ar�� DQG�VR�RQ�

� � 6R�� � nWK�WHUP� �tn = ar n – 1.
 Ex. 7KH�VL[WK�RI�WKH�*�3��±�������±���������������LV�
  Here  a� �±����r = 

6
�−

 = – 2

  ?  t6 = ar6 – 1  �±���î��±����

� � �� ���������������������������������������������� �±���î�±���� ����
� ��� *HRPHWULF�0HDQ��:KHQ�WKUHH�UHDO�QXPEHUV�IRUP�D�JHRPHWULF�SURJUHVVLRQ�� WKHQ� WKH�PLGGOH�RQH� LV�FDOOHG� WKH�

JHRPHWULF�PHDQ�RI�WKH�RWKHU�WZR�TXDQWLWLHV�
� � 7KXV��LI�G�LV�WKH�JHRPHWULF�PHDQ�RI�WZR�QRQ�]HUR�QXPEHUV�a�DQG�b��WKHQ�a, G, b�IRUPV�D�JHRPHWULF�SURJUHVVLRQ��

so WKDW�
G b
a G

=

� � ?  G2 = ab � G = ± ab

0DWKV�$OHUW��G = ab  if a�DQG�b�DUH�SRVLWLYH�QXPEHUV�

   G = ab−  if a�DQG�b�DUH�QHJDWLYH�QXPEHUV�

� � $OVR��LI�WKHUH�DUH�n�SRVLWLYH�LQWHJHUV�a1, a2���������an��WKHQ�WKHLU�JHRPHWULF�PHDQ�LV�GH¿QHG�WR�EH�HTXDO�WR
�a1. a2. a3. .... . an�1/n.

 Ex.� �i�� *�0��RI���DQG���� � � �� ���× = = 12.

� � �ii��*�0��RI�
1 ,
�
����������������DQG����� �

1/71 � � � �� �� ���
�

 × × × × × ×  
� � � � �  ���2�î����î��4�î����1/7� ���14�1/7� ��2 =���
� ��� 6XP�RI�n�WHUPV�RI�D�*HRPHWULF�3URJUHVVLRQ�
  &RQVLGHU�WKH�JHRPHWULF�SURJUHVVLRQ�a, ar, ar2�������arn – 1 of n�WHUPV�

� � 7KHQ�� WKH�VXP�RI�n�WHUPV Sn = or�� � � ��� �� � ��
� � ��

n na r a rr r
r r

− −≠ ≠
− −
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  ZKHUH��a� �¿UVW�WHUP��r = common ratio, n = number of terms

� � $OVR��Sn = or ,
1 1
a lr lr a

r r
− −
− −

�ZKHUH�l�LV�WKH�ODVW�WHUP�

 Ex.� 7KH�VXP�RI�WKH�*�3��������������
1 1
2 4

+ + ������WR����WHUP�LV�

  Here a = 4, r = 
1 ,
2

 n� ���

  ?  S�� = 

��1 14 1 4 1 � ����2 ����
1 1 ����1
2 2

    − −     ×    = =
−

 = ���DSSUR[��

� ��� 6XP�RI�DQ�LQ¿QLWH�*�3�

   Sf = ,
1

a
r−
��ZKHUH� a� �¿UVW�WHUP

   r� �FRPPRQ�UDWLR�
1RWH��6XP�RI�DQ�LQ¿QLWH�VHULHV�H[LVWV�RQO\�ZKHQ�r�LV�QXPHULFDOO\�OHVV�WKDQ����i.e., | r _�����

 Ex. 6XP�RI�WKH�*�3������±�������������WR�LQ¿QLW\�LV�

  Here a = 16, r = 
8 1

16 2
− = −

  ?  Sf = 
16 16 16

� �11 11
2 22

32 .
3

a
r

= = = =
−   +−  − 

� ��� 3URSHUWLHV�RI�D�*�3�
� �a�� ,I�HDFK�WHUP�RI�D�JLYHQ�JHRPHWULF�SURJUHVVLRQ�LV�PXOWLSOLHG�RU�GLYLGHG�E\�WKH�VDPH�QXPEHU��WKHQ�WKH�

UHVXOWLQJ�SURJUHVVLRQ�LV�DOVR�D�*�3�
  If a1, a2, a�, a4�������������EH�D�*�3��ZLWK�FRPPRQ�UDWLR�r��WKHQ

   a1c, a2c, a�c, a4c�������������DQG�
�1 2 4, , , ,aa a a

c c c c
������DUH�DOVR�*�3�V�ZLWK�FRPPRQ�UDWLR�r��c�LV�WKH�FRQVWDQW�QXPEHU�

 �b�� 7KH�UHFLSURFDOV�RI�WKH�WHUPV�RI�D�*�3��DOVR�IRUP�D�*�3�

  If  a1, a2, a�, a4�������������EH�D�*�3��ZLWK�FRPPRQ�UDWLR�r��WKHQ�
� � � �

1 1 1 1, , , ,
a a a a

�������LV�DOVR�D�*�3��ZLWK�FRPPRQ�

ratio 
1 �
r

 �c�� ,I�HDFK�WHUP�RI�D�*�3��EH�UDLVHG�WR�WKH�VDPH�SRZHU��WKHQ�WKH�UHVXOWLQJ�SURJUHVVLRQ�LV�DOVR�D�*�3�

  If  a1, a2, a�, a4�������������EH�D�*�3��ZLWK�FRPPRQ�UDWLR�r��WKHQ� � � � �, , , ,k k k ka a a a �������LV�DOVR�D�*�3��ZLWK�FRPPRQ�
ratio r�

 �d�� If a1, a2, a�, a4�������������DQG�b1, b2, b�, b4�������EH�WZR�*�3�V�ZLWK�FRPPRQ�UDWLR�r1�DQG�r2�UHVSHFWLYHO\��WKHQ�WKH�

SURJUHVVLRQV�a1b1, a2b2, a�b�, .... LV�D�*�3��ZLWK�FRPPRQ�UDWLR�r1r2,�DQG�
�1 2 4

� � � �
, , , ,aa a a

b b b b
� ����� LV�D�*�3��ZLWK�

common ratio 1

2
�r

r
 �e�� If a1, a2, a��������������EH�D�*�3��ZLWK�FRPPRQ�UDWLR�r��VXFK�WKDW�HDFK�WHUP�RI�WKH�SURJUHVVLRQ�LV�D�SRVLWLYH�QXPEHU��

WKHQ�ORJ�a1��ORJ�a2��ORJ�a��������LV�DQ $�3��ZLWK�FRPPRQ�GLIIHUHQFH�ORJ�r�
� � &RQYHUVHO\��LI�ORJ�a1��ORJ�a2��ORJ�a���������DUH�WHUPV�RI�DQ�$�3���WKHQ�a1, a2, a��������DUH�WHUPV�RI�D�*�3��
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 �f�� 7KH�$ULWKPHWLF�PHDQ�EHWZHHQ�WZR�SRVLWLYH�QXPEHUV�LV�DOZD\V�JUHDWHU�WKDQ�HTXDO�WR�WKHLU�*HRPHWULF�0HDQ�
� � � � $�0��t�*�0�
� �g�� If A�DQG�G EH�WKH�DULWKPHWLF�DQG�JHRPHWULF�PHDQ�UHVSHFWLYHO\�EHWZHHQ�WZR�QXPEHUV��WKHQ�WKH�QXPEHUV�DUH�

2 2– .A A G±
 ��� 8VHIXO�QRWH��:KHQ�SURGXFW�LV�NQRZQ��VXSSRVH�WKH�QXPEHUV�LQ�*�3��DV�XQGHU�
 �i� ,I�WKH�RGG�QXPEHU�RI�WHUPV�DUH�WR�EH�FRQVLGHUHG��VXSSRVH�WKHP�DV�IROORZV�E\�WDNLQJ�a�DV�WKH�PLG�WHUP�DQG�

common ratio r�

    2
2, , ; , , , ,a a aa ar a ar ar

r rr
� �ii�� ,I�HYHQ�QXPEHU�RI�WHUPV�DUH�WR�EH�FRQVLGHUHG��VXSSRVH�WKHP�DV�XQGHU�E\�WDNLQJ�

a
r

, ar�DV�WKH�WZR�PLG�WHUPV�
DQG�r2�DV�WKH�FRPPRQ�UDWLR�

   3 , ,a a
rr

  ar,  ar3 ��>��WHUPV@

   � �, , ,a a a
rr r

 ar,  ar3,  ar�     >��WHUPV@� >6HH�6ROYHG�([�����@

SOLVED EXAMPLES

Ex. 1.  :ULWH�WKH�*�3��ZKRVH��WK�WHUP�LV����DQG��WK�WHUP�LV�������
 6RO�   t4 = ar�� ���� ����i�
    t7 = ar6� ������ ����ii�
  ?� 'LYLGLQJ��ii��E\��i���ZH�JHW

    7

4

t
t

 = � ���� 27
��

= =r

  �  r� ��
  ?� )URP��i������a������ ���
  �  27a� ���
  �  a = 2
  ?� 7KH�*�3��LV������î������î��2����������i.e.���������������������

Ex. 2.  ,I�WKH���WK�WHUP�RI�D�*�3��LV���DQG�WKH��WK�WHUP�LV����WKHQ�ZKDW�LV�LWV��WK�WHUP"�
 6RO� /HW�WKH�¿UVW�WHUP�DQG�FRPPRQ�UDWLR�RI�WKH�JLYHQ�*�3��EH a DQG r UHVSHFWLYHO\� 
    T�� = ar�� ��� ����i�
    T4 = ar�� ��� ����ii�

    ��

4

T
T

 = 
�

�
�
4

ar
ar

=

    r6 = � � �� � �� �
4 4 2

r r⇒ = ⇒ = � ����iii�

� � )URP��i���ar�� ��� � a�r���� ��
  ?� 6XEVWLWXWLQJ�WKH�YDOXH�RI�r� IURP��iii���ZH�JHW

    
��

2
a  ⋅      ��� � 

� � ��
�� �

a ×= =

  ?  T7 = ar6 = 
� �
� �

×  = 6.
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Ex. 3.    :KDW�LV�WKH�VXP�RI����WHUPV�RI�WKH�VHULHV� � � ��+ + + ������"� � � � � � � � � � � � � � � �DCE�

 6RO�   Sn = 
� ��
� ��

na r
r

−
−

  Here a = 
6�� �
2

r = = , n� ���

  ?  S�� = 
( )��� � �� �
� �

−
−

 = 
�� �� �� � �

� � � �
− +×

− +
 = 

� ���� �� � � ��
�� ��

− +
−

     = 
� ����� � � ��

2
+

 = ��� � � ���+

Ex. 4.    :KDW�LV�WKH�VXP�WR�LQ¿QLW\�RI�WKH�VHULHV�
1 1 11 ......
� � �

− + − + "� � � � � � � � � � �� � �NDA/NA 2012�

 6RO�� *LYHQ�VHULHV�LV�DQ�LQ¿QLWH�*�3��ZLWK�a = 1, r = 
11 � �

2 2
− = −

  ?  S� = 
1 −

a
r

     = 
1 1

�11
22

2 .
3

= =
 − −  

([����    ,I�a, b, c�DUH�WKH�WKUHH�FRQVHFXWLYH�WHUPV�RI�DQ�$�3��DQG�x, y, z�DUH�WKUHH�FRQVHFXWLYH�WHUPV�RI�D�*�3���WKHQ�
SURYH�WKDW�x b – c.  y c – a. za – b = 1.

 6RO� a, b, c DUH�LQ�$�3�� � 2b = a���c� ����i�
  x, y, z�DUH�LQ�*�3�� � y = xr, z = xr2��ZKHUH�r�LV�WKH�FRPPRQ�UDWLR
  ?  x b – c��y c – a��z a – b = xb – c���xr�c – a���xr2�a – b

     = xb – c ��xc – a ��r c – a���x a – b ��r 2a – 2b = x b – c + c – a + a – b ��rc – a + 2a – 2b

     = x� ��r c + a – 2b = x�.r2b – 2b = x�.r�  ��� �)URP��i��
([��������/HW�WZR�QXPEHUV�KDYH�DULWKPHWLF�PHDQ���DQG�JHRPHWULF�PHDQ����7KHQ�¿QG�WKH�HTXDWLRQ�ZKLFK�KDV�WKHVH�

WZR�QXPEHUV�DV�LWV�URRWV���� �AIEEE 2004�
 6RO�� /HW�WKH�WZR�QXPEHUV�EH�a�DQG�b�

� � 7KHQ�
2

a b+
� ��� � a���b = 18

    ab  = 4 � ab = 16
  ?� 5HTXLUHG�HTQ is�x2�±�6XP�RI�URRWV�x���3URGXFW�RI�URRWV� ��
     � x 2 – 18x������ ���
([����    ,QVHUW���JHRPHWULF�PHDQV�EHWZHHQ����DQG�����

 6RO� Let G1, G2, G��EH�WKH�UHTXLUHG�PHDQV�
� � 7KHQ�����G1, G2, G�������IRUP�D�*�3�
  Let r�EH�WKH�FRPPRQ�UDWLR�
  �� � ���� ��WK�WHUP� �ar4� ����î�r4

  �  16r4� ����� � r4 = 16 � r = 2
  ?  G1 = ar� ����î��� ���
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    G2 = ar2� ����î��� ���
    G� = ar�� ����î��� ����
� � +HQFH��������DQG�����DUH�WKH�UHTXLUHG�*�0’V�EHWZHHQ����DQG�����
([����    ,I�RQH�$0�µ$¶�DQG�WZR�*0�p�DQG�q�DUH�LQVHUWHG�EHWZHHQ�WZR�JLYHQ�QXPEHUV��WKHQ�¿QG�WKH�YDOXH�RI�

2 2p q
q p

+  LQ�WHUPV�RI�A"                            (VITEEE 2011)

 6RO� Let a�DQG�b�EH�WKH�WZR�JLYHQ�QXPEHUV�

� � 7KHQ�� $�0�� �
2 2

a b a bA+ +⇒ =  � 2A = a���b� ����i�

  As, p�DQG�q�DUH�*�0¶V�EHWZHHQ�a�DQG�b,   a, p, q, b�IRUPV�D�*�3�

  ?  
p
a

 = 
2q b p a

p q q
= ⇒ = �DQG��

2q b
p

=

� � 1RZ��
2 2p q

q p
+  = a���b = 2A�

([����    :KDW�LV�WKH�VXP�RI�WKH�VHULHV�
� � �� ��
� � �� ��

+ + + + ���������WR�n WHUPV"� (KCET 2001)

 6RO�� 7KH�VHULHV�
� � �� ��
� � �� ��

+ + + + ������WR�n WHUPV�FDQ�EH�ZULWWHQ�DV

    
1 1 1 11 1 1 1
� � �� ��

       − + − + − + − +              
�������WR�n terms

� � �  ������������������������WR�n WHUPV��±�
1 1 1 1 ����� WR WHUPV
� � �� ��

n + + + +  

   = 

1 11
� �– 11

�

n

n

  −    

−
 

�� � � �� KHUH �
� � �

n

n
a rS a r

r
 −= = = − 

   = 

1 11
� �

���

n
n

 −  −  = 
1 �� � ��
2

nn −− −

Ex. 10. ,I�����VLQ�x���VLQ2 x���VLQ3 x + ..... f = 4 + 2 3 , � < x���ʌ��WKHQ�¿QG�WKH�YDOXH�RI�x. (Kerala PET 2004)

 6RO�� *LYHQ������VLQx���VLQ2x���VLQ�x���������f� ����� � �

  �  
1

1 sin x−
� ����� � �  

� +HUH �� VLQ
1

$OVR _ VLQ _ �DV _ VLQ _ �ZLOO PDNH
WKH WKH VXP RI LQILQWH *�3� LQILQLWH�

' aS a r x
r
x x

∞
 = = = − 

< = 
    �  1 – sin x = 

1
� � �+

  �  sin x = 
� � � � � � � � � � �1

� � � � � � � � � � � �
+ − + −− = = ×

+ + + −

     = 
�� � � � � �� � � �

16 12 4 2
+ − − = =

−

  �  x = 
2RU

3 3
π π

��DV������x < S�
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Ex. 11.   ,I�a, b, c�DUH�LQ�*�3��DQG��a���b, 4c�DUH�LQ�$�3��VXFK�WKDW�a + b + c� �����WKHQ�ZKDW�LV�WKH�YDOXH�RI�WKH�VPDOOHVW�
RI�WKH�QXPEHUV�a, b�DQG�c"

 6RO� a, b, c�DUH�LQ�*�3�� � b2 = ac� ����i�
  4a���b, 4c�DUH�LQ�$�3�� �� ��î��b = 4a����c �� ��b = 4a����c � �b = 2a����c� ����ii�
� � $OVR���JLYHQ�a���b���c� ���� ����iii�
  �  2a����b����c� ����� �� �b����b� ����� �)URP��ii��
     �� 7b� ����� � b� ����
� � 1RZ��IURP��i������� �ac�� �' b� ����
� � $OVR���IURP��ii���a��������c� ���� � a���c� ���
  ?� � �a – c�2� ��a���c�2 – 4ac
� � � � � ������±������ ����
  �  a – c = r���

  
��
��

∴ + = 
− = ± 

a c
a c  � a� �����c� ���� RU� a� �����c� ����

  ?� 7KH�OHDVW�YDOXH�RXW�RI�a, b�DQG�c is 10.

Ex. 12.  )LQG�WKH�VXP�RI�n�WHUPV�RI�WKH�VHULHV����������x���������x + x2���������"� (AMU 2003)
 6RO�� ���������x���������x���x2������������n terms

  �� 5HTXLUHG�VXP� �
1

�� �x−
�>���±�x�������±�x�������x�������±�x�������x���x2����������n WHUPV@�

    = 
1

�� �x−
�>���±�x�������±�x2�������±�x�����������n WHUPV@

    = 
1

�� �x−
�>������������������n WHUPV��±��x���x2���x����������n WHUPV@

    = 
� �� �

�� � �� �

nx xn
x x

 −− − − 
 

�� � , Here ,
�� �

n

n
a rS a x r x

r
 −= = = − 
'

    = 2
�� � �� � .

�� �

nn x x x
x

− − −
−

Ex. 13. )LYH�QXPEHUV�DUH�LQ�$�3��ZLWK�FRPPRQ�GLIIHUHQFH�z����,I��VW���UG�DQG��WK�WHUPV�DUH�LQ�*�3���WKHQ�ZKLFK�
WHUP�LV�DOZD\V�]HUR"� (WBJEE 2013)

 6RO�� /HW�WKH�¿YH�QXPEHUV�LQ�$�3��EH�a – 2d, a – d, a, a���d, a����d�
� � 6LQFH��VW���UG�DQG��WK�WHUPV�DUH�LQ�*�3�
� � � � �t��

2 = t1���t4
  �  a2� ��a – 2d���a���d�
  �  a2 = a2 – ad – 2d 2

  �  – ad = 2d 2

  �  a = – 2d �' d z���
  �  a����d� ��� � t�� ��
  ?� �WK�WHUP�LV�DOZD\V�]HUR�
Ex. 14.  )LQG�WKH�VXP�WR�n�WHUPV�RI�WKH�VHULHV�������������������������

 6RO�   Sn� ����������������������WR�n terms
� � � � � ���>���������������������WR�n�WHUPV@

     = 
7
�
�>���������������������WR�n�WHUPV@
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     = 
7
�
�>����±�����������±������������±������������WR�n�WHUPV@

     = 
7
�
�>^�������2���������������WR�n�WHUPV`�±�^������������������WR�n�WHUPV`@

     = 
� �� ��� ��
� �� �

n

n
 − − − 

 = 
+ 1� ��� ��� � .
�� �

n

n− −

([�����  :KDW�LV�WKH�VXP�RI�n�WHUPV�RI�WKH�VHULHV����������������������������"� (WBJEE 2009)
 6RO�� ���������������������������WR�n terms
� � � � � ��>���������������������������WR�n�WHUPV@

     = 
2
�
�>���������������������������WR�n�WHUPV@

     = 
2
�
�>���±�����������±�����������������������������WR�n�WHUPV@

     = 
2
�
�>�������������������WR�n�WHUPV��±�����������������������������WR�n�WHUPV�@

     = 

1 11� ��� �� ����� � �� ��
1� �� ���� � 1
��

n n
n n

  −   −  − =  −  −    −  

 = 
2 1 11 .
� � 10nn  − −    

 

Ex. 16.  )LQG�WKH�YDOXH�RI�� 0.234 �UHJDUGLQJ�LW�DV�D�JHRPHWULF�VHULHV�

 6RO�   ����� � ��������������������
� � � � � ����������������������������������������������f

     = 
� �� �� ��
�� ���� ������ ��������

+ + + + ����������f

     = � � �
� �� � �� �����
�� �� �� ��

 + + + + ∞  

     = �

2

� �� �
1�� �� 1
��

 + ×  
− 

 

 2
1� +HUH ��

1 ��
aS a r

r∞
 = = = − 
'

     = 
� �� ��� ��� �� ���
�� ���� �� ��� ���

116 .
���

++ × = = =

([�������6L[�SRVLWLYH�QXPEHUV�DUH�LQ�*�3��VXFK�WKDW�WKHLU�SURGXFW�LV�������,I�WKH�IRXUWK�WHUP�LV����WKHQ�¿QG�WKH�
ODVW�WHUP�� � � (WBJEE 2013)

 6RO�� /HW�WKH�VL[�QXPEHUV�LQ�*�3��EH� � �
� �� � � � � �a a a ar ar ar

rr r
� � 7KHQ�� 3URGXFW� �����

  � � �
� �

a a a ar ar ar
rr r

× × × × × � �����

  �  a6� ������ � a = ��
� � *LYHQ�� )RXUWK�WHUP� �t4 = ar = 1

     � 
1�� �
��

r r× = ⇒ =

  ? Last term = 
�

� 1��
��

1 .
100

ar  = × =  
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([�����  ,I�a, b, c, d�DUH�LQ�*�3���SURYH�WKDW��a2 + b2 + c2����ab + bc + cd����b2 + c2 + d2��DUH�LQ�*�3�
 6RO� a, b, c, d�DUH�LQ�*�3� � b = ar, c = ar2, d = ar���ZKHUH�r� �FRPPRQ�UDWLR
  ?� �ab���bc���cd�2� ��a�ar���ar ��ar2���ar2���ar��2 = [a2r �����r2���r4�@2� ����i�
� � � �a2���b2���c2� �b2���c2���d 2�� ��a2���a2r2���a2r4���a2r2���a2r4���a2r6�
    = a2������r2���r4����a2r2������r 2���r 4�� �a4r2������r 2���r 4�2

    = [a2r������r2���r 4�@2� ��ab���bc���cd�2� �)URP��i��
  ?� �a2���b2���c2�� �ab���bc���cd����b2���c2���d 2��DUH�LQ�*�3�

([�����  ,I�x, y, z�DUH�DOO�SRVLWLYH�DQG�DUH�WKH�pWK��qWK�DQG�rWK�WHUPV�RI�D�JHRPHWULF�SURJUHVVLRQ�UHVSHFWLYHO\��WKHQ�

¿QG�WKH�YDOXH�RI�WKH�GHWHUPLQDQW�
ORJ �
ORJ � �
ORJ �

x p
y q
z r

 (VITEEE 2009)

 6RO� Let a�EH�WKH�¿UVW�WHUP�DQG�R�WKH�FRPPRQ�UDWLR�RI�WKH�*�3�
� � 7KHQ�� Tp = aR p – 1 = x
    Tq = aR q – 1 = y
    Tr = aR r – 1 = z
  �  ORJ�x� �ORJ��aR p – 1�� �ORJ�a����p�±����ORJ�R
    ORJ�y� �ORJ��aR q – 1�� �ORJ�a����q�±����ORJ�R
    ORJ�z� �ORJ��aR r – 1�� �ORJ�a����r�±����ORJ�R

  ? 
ORJ �
ORJ �
ORJ �

x p
y q
z r

 = 
ORJ � �� ORJ �
ORJ � �� ORJ �
ORJ � �� ORJ �

a p R p
a q R q
a r R r

+ −
+ −
+ −

    = 
ORJ � � �� ORJ �
ORJ � � �� ORJ �
ORJ � � �� ORJ �

a p p R p
a q q R q
a r r R r

−
+ −

−

    = 
� � � �� �

ORJ � � ORJ � �� �
� � � �� �

−
+ −

−

p p p
a q R q q

r r r

    = 
1 1 1

ORJ � ORJ � ORJ � �
1 1 1

p p p
a R q q R q

r r r
× + −

� � � � �����ORJ�R�î���±�ORJ�R�î��� ��� �'�7KH�YDOXH�RI�D�GHWHUPLQDQWV�ZLWK�WZR
� � � � � LGHQWLFDO�URZV�RU�FROXPQV�LV�]HUR��

Ex. 20.  ,I�A = 1 + r a + r 2a + r 3a + ..... f, B = 1 + r b + r 2b + r 3b + ..... f��WKHQ�VKRZ�WKDW� 1
1ORJ �B

B

a A
b A− 

  

− =   

 6RO�   A� �����r a���r2a���r�a���������f

  �  A = 
1

1 ar−
 � +HUH �� FRPPRQ UDWLR

1∞
 = = = − 
' aaS a r

r

  �  1 – r a = 
1
A

 � r a = 
1 11 A
A A

−− =  � a�ORJ�r = 
1ORJ A

A
− 

  

  �  a = 

1ORJ

ORJ

A
A
r

−    � ����i�
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� � 1RZ�� B� �����r b���r 2b���r �b��������f

  �  B = 
1

1 br−
 � 1 – rb = 

1
B

  �   rb = 
1 11 B
B B

−− =   � ORJ�rb� �ORJ
1− 

  
B

B

  �  b�ORJ�r = 

1ORJ1ORJ
ORJ

B
B Bb

B r

−  −   ⇒ =  
� ����ii�

  ?  
a
b

 = 

1ORJ ORJ
1ORJ ORJ

A
rA

Br
B

−    ×
−   

� �)URP��i��DQG��ii��

� � �  
a
b

 = 

1ORJ

1ORJ

A
A

B
B

−   
−   

 = 1
1ORJ �B

B

A
A− 

  

− 
    

ORJ ORJ
ORJ b

a a
b

 =  
' �

Ex. 21. S1, S2, S3, ..... , Sn DUH�WKH�VXPV�RI�n�LQ¿QLWH�JHRPHWULF�SURJUHVVLRQV��7KH�¿UVW�WHUP�S�RI�WKHVH�SURJUHVVLRQV�

DUH�����2 – 1, 23 – 1, 24 – 1, ..... , 2n�±���DQG�WKH�FRPPRQ�UDWLRV�DUH� 2 3
1 1 1 1, , , ........, .
2 2 2 2n �&DOFXODWH�WKH�VXP�

S1 + S2 + S3 + ..... + Sn.

 6RO�� 6LQFH��Sf = ,
1

a
r−

  S1 = 
1 1 21 11

2 2

= =
−

     S2 = 
2 2

2
2

2 2

2 1 2 1 21 2 11
2 2

− −= =
−−

     S� = 
� �

�
�

� �

2 1 2 1 21 2 11
2 2

− −= =
−−

� � � � � �����������������������������������������������
� � � � � �����������������������������������������������

     Sn = 
2 1 2 1 21 2 11

2 2

− −= =
−−

n n
n

n

n n

  ?� S1���S2���S������������Sn � ������
2�����������������n

                         = 
��� ��

2 1

n −
−

 = ���n�±��� 
� �� , Here 2, 2

1

n

n
a rS a r

r
 −= = = − 
' �
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  ?� /DVW�WHUP�RI�*�3�� �ar� = 
( )�

1��
��

× = 1 .
100

 14. a�LV�WKH�$�0�RI�b�DQG�c ��2a = b���c
� �*LYHQ�� G1�DQG�G2�DUH�*�0V�EHWZHHQ�b�DQG�c
  � b, G1, G2, c�DUH�LQ�*�3�
  Let r�EH�WKH�FRPPRQ�UDWLR�RI�WKH�*�3�
  � G1 = br, G2 = br2, c = br�

� �1RZ� c = br� � 

1
��  = ⇒ =   

c cr r
b b

  ? G1 = 
���

��� ��� � ���
��� � �× = =cb b c b c

b

   G2 = 

2
���� ��� ��� � ���

��� � �× × = = =  
c b cb b c bc
b b

� �1RZ�G1
����G2

� = ( ) ( )� �� ��� � ���� � � �+b c bc
    = b2c���bc2 = bc��b���c�� �bc����a = 2abc.
���� a, b, c�DUH�LQ�$�3������b – a = c – b� � ����i�
� ��b – a����c – b���a�DUH�LQ�*�3������c – b�2� ��b – a��a� ����ii�
  ?� )URP��i��DQG��ii�
  �� �b – a�2�  ��b – a�a
  �� �b – a��>�b – a��±�a@�  ��
  � b – a�  ��� RU� b – 2a� ��
  � b = 2a
� �'�a�DQG�b�DUH�GLVWLQFW�DQG�b – a z���
  a, b, c�DUH�LQ�$�3�� � 2b = a���c
   � 4a = a���c � c� ��a�
  ? a���b�� c = a����a����a = ����������
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 16.  Let S����  �����������������������XSWR�����WHUPV
� �� �  �����±�����������±������������±���

����������XSWR�����WHUPV
� �� �  ���������2��������������XSWR�����WHUPV�

±��������������������XSWR�����WHUPV�

    = 
����� ��� �� ���

�� �
− −

−

 
� �� ZKHQ �

1
 −= > − 
'

n

n
a rS r

r

    = � �− −10010 10 1 100
�

.

����  Let S��� ����������������������������XSWR����WHUPV
� �� � ������������������������������XSWR����WHUPV�

    = 
7
�
�����������������������������XSWR����WHUPV�

    = 
7
�
�>���±�����������±������������±����������XSWR�

���WHUPV�

    = 
7
�

 >�������������������XSWR����WHUPV��±�����

�����������������������XSWR����WHUPV�@

    = 
2� ��� �̂ ����� `��

� �� ����
 −− − 

�� � � ZKHQ �
1

 −= < − 
'

n

n
a rS r

r

    = 
��7 1 1�� �

� � ��

    − −      
 = 

��� � ����
� � �

− 
− +  

    = 
��

–� ��� ��
� �

20� ���� � �� ��
��

− + =  

������*LYHQ� 2
2

1 1 2����� WR
�

x x
y y

   − + − + ∞ =      

  �� �x���x2���x���������WR�f��±� 2
1 1 2����� WR

�
 + + ∞ = 
 y y

  � 

1

–
11 1− −

x y
x

y

 = 
2
�

 � 
1

1 1
−

− −
x

x y
 = 

2
�

  � 

2
1

2 11
−

−−

y
y

y

 = 
2
�
� �'�xy = 2 � x = 2/y�

  � 
2 1

2 1
−

− −y y
 = 

2
�

 � 2
2 2 2

� �
− − +

− +
y y
y y

 = 
2
�

  �� �y� ���y2�±��y�����
  � 2y2�±��y����� ��� � 2y2 – 8y – y����� ��
  �� ��y�±�����y�±���� ���

  � y = 
1
2

 or y = 4

� �:KHQ� y = 
1
2

, x� ���DQG�y = 4, x = 
1
2

  ' x < 1 ? y = 4, x = 
1
2
�LV�WUXH�

���� Let a�DQG�r�EH�WKH�¿UVW�WHUP�DQG�FRPPRQ�UDWLR�UHVSHFWLYHO\�
RI�WKH�JLYHQ�*�3�

� �7KHQ� a���ar� ���� � � ����i�
   ar2���ar�� ���� � � ����ii�

  � 
2 �� �
�� �

+
+

ar r
a r

 = 
48
12

� �'LYLGLQJ��ii��E\��i��

  � r2 = 4 � r ± 2 � r = – 2
  DV�WKH�WHUPV�RI�WKH�*�3��DUH�DOWHUQDWHO\�SRVLWLYH�DQG�QHJDWLYH�
  1RZ� a �����r�� ���� � a ���±���� ���� � a = – 12.
 20. Let a DQG�r�EH�WKH�¿UVW�WHUP�DQG�FRPPRQ�UDWLR�UHVSHFWLYHO\�

RI�WKH�JLYHQ�*�3�
   PWK�WHUP�RI�*�3�  �arP – 1 = 64 = 26� ����i�
   QWK�WHUP�RI�*�3�  �arQ – 1� ���� ���� ����ii�
   RWK�WHUP�RI�*�3�  �arR – 1� ���� ��2 ���2� ����iii�
� �1RZ�IURP��i��� ��  �a1/6 r�P�±������ � ����iv�
� �)URP��ii��� � = a��� r�Q�±������ � ����v�
� �)URP��iii��� ����  �a1/2 r�R�±������ � ����vi�
  ?�)URP��iv����v��DQG��vi��ZH�KDYH

  � 
1 1 1 1
� � � �� �

− −P Q

a r a r  = 
1 1
2 2

−R

a r

  � 
1 1 1 1
� � � �

− −+ +P Q

a r  = 
1 1
2 2

−R

a r

  � 
1 2 21

62
P Q

a r
− + −

 = 
1 1
2 2

−R

a r

  � 
1 2 2

6
− + −P Q

 = 
1

2
−R

  � P����Q�±���  ��R�±���  
� P + 2Q = 3R.

 21.�/HW�WKH�¿UVW�WHUP�RI�WKH�$�3��EH�a�DQG�FRPPRQ�GLIIHUHQFH�d�
� �*LYHQ� d = 2 � T11�RI�$�3�� �a�����d = a������
� �/HW�WKH�¿UVW�WHUP�RI�WKH�*�3��EH�b�DQG�FRPPRQ�UDWLR�r�
� �*LYHQ� r� ���
� �1RZ��WKH�PLGGOH�WHUP�RI�$�3� �PLGGOH�WHUP�RI�*�3
  � T6�RI�$�3� �a����d = T6�RI�*�3� �br�

  � a����d = br�

  � a������ ���b          �' r� ���� � ����i��
� �$OVR�WKH�ODVW�WHUP�RI�$�3��LV�WKH�¿UVW�WHUP�RI�*�3�
  ? b = T11�RI�$�3� �a������ � ����ii�
  ?� )URP��i��DQG��ii�
   a������ �����a������

  �� ��a� �±����� � a = 
���
��

−
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 ?� 0LGGOH�WHUP�RI�WKH�HQWLUH�VHTXHQFH�RI����WHUPV� ���WK�term
    = a�����d

    = 
��� ��� ��� ±��
�� ��

− − ++ = = 10 .
31

 22.�6LQFH�a�DQG�b are proper fractions, | a | < 1, | b | < 1

  ? x� �����a���a2���������
1

1
∞ =

− a
 

1∞
 = − 
' aS

r

� �DQG� y� �����b���b2���������
1

1
∞ =

− b

� �$OVR�� ����ab���a2b2���������
1

1
∞ =

− ab
� ����i�

� �1RZ��������������x = 
1

1 − a
 � x – xa = 1

  �  xa  = x – 1 � a = 
1−x

x
� ����ii�

                       y  = 
1

1 − b
  � y – yb = 1

  �   yb = y – 1 � b = 
1−y

y
� ����iii�

  ?� 3XWWLQJ�WKH�YDOXHV�RI�a & b� IURP��ii��DQG��iii�� LQ��i�� 
ZH�JHW

� �5HTG��VXP� �
1 1

1 11 1
=

− −−    −       
x yab

x y

    = 
� ��− − − +

xy
xy xy x y

 = �xy
x y+ − 1

 23.�/HW�WKH�FRPPRQ�UDWLR�RI�WKH�JLYHQ�*�3�EH�r��7KHQ�

   Sf = �
1 1

x x
r r

⇒ =
− −

 �� ��±��r = x

  � r = 
� 1
� �
− = −x x

  '� 6XP�WR�LQ¿QLW\�RI�WKH�JLYHQ�VHULHV�LV�D�¿QLWH�TXDQWLW\� 
| r _�����

  ? 1
�

− x
 < 1 � – 1 < 1 1

�
 − <  

x

  �� ±������x���±�������
�0XOWLSO\LQJ�WKH�LQHTXDOLW\�E\��±����

  �� ���� 2
�

<x
 � 0 < x < 10.

 24. 84
� � � �ORJ ORJ ORJ ORJ+ + + + +x x x x ������f = 4

  �� ORJ� x���ORJ� x
1/2���ORJ� x

1/4���ORJ���x
1/8����������f = 4

  �� ORJ���x���x
1/2���x1/4���x1/8�������f�� ��

  �� ORJ���x
��������������������������f�� ��

  ��

1
11
2�ORJ �x

−
= � � �' Sf = a/1 – r�

  �� ORJ� x
2 = 4 � x2� ��4� ���2�2 � x = ��

���� a, b, c, d�DUH�LQ�*�3�
  ��b = ar, c = ar2, d = ar���ZKHUH�r�LV�WKH�FRPPRQ�UDWLR�RI�

WKH�*�3�
� �� /+6� ��a���b���c���d�2� ��a���ar���ar2���ar��2

    = {a������r���r2���r��`2 = {a�������r����r2������r��`2

    = {a������r�������r2�`2 = a2������r�2������r2�2

    = a2������r�2��r4����r2�����
    = a2��r4������r�2����r2�����r�2��������r�2�
    = a2r4 ������r�2����a2r2�����r�2���a2�����r�2

� �� � ��ar2���ar��2�����ar���ar2�2����a���ar�2

� �� � ��c + d�2�����b + c�2����a + b�2.

HARMONIC PROGRESSION (H.P.)
KEY FACTS

 1.� $�VHTXHQFH�RI�QXPEHUV�LV�VDLG�WR�IRUP�D�+DUPRQLF�3URJUHVVLRQ� when the reciprocals of the numbers form an 
Arithmetic progression.

 Ex. �i� ����������������������LV�DQ�$�3

    � 
1 1 1� �����
� � �

+ + + + �LV�DQ�+�3�

� � �ii�� a����a���d�����a����d�����a����d��������LV�DQ�$�3�

    � 
1 1 1 1 �����

� � � � � � � �a a d a d a d
+ + + +

+ + +
�LV�DQ�+�3�

 2. nWK�WHUP�RI�DQ�+�3�
� � 7KH�nWK�WHUP�RI�DQ�+�3��LV�WKH�UHFLSURFDO�RI�WKH�nWK�WHUP�RI�WKH�$�3��IRUPHG�E\�WKH�UHFLSURFDOV�RI�WKH�WHUPV�RI�WKH�

+�3�

� � ,I�WKH�JLYHQ�+�3��LV�
1 1 1� � ������ �

2a a d a d+ +
WKHQ�LWV�nWK�WHUP�LV�

1 .
� ��a n d+ −
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 ([�� )LQG�WKH��WK�WHUP�RI�WKH�+�3��
2 1 2, , , ...... .

13 6 11

� � 7KH� UHFLSURFDOV� RI� WKH� WHUPV�RI� WKH� JLYHQ�+�3�� i.e., 
�� ��� �� � �����
2 2

� IRUP�DQ�$�3�ZLWK�¿UVW� WHUP� �
��
2
� DQG� 

FRPPRQ�GLIIHUHQFH� �
�� �� ± �
2 2

− =

  ?� �WK�WHUP�RI�WKLV�$�3�� �a����d = 
�� � �� �
2 2 2

 + − × =  

� � �+HQFH��WK�RI�WKH�JLYHQ�+�3�� �
1

7/2
2 .
�

=

 ��� +DUPRQLF�0HDQ
  If a, H, b�DUH�WKUHH�TXDQWLWLHV�LQ�+�3���WKHQ�H�LV�VDLG�WR�EH�WKH�+DUPRQLF�0HDQ�EHWZHHQ�a�DQG�b�
  a, H, b�DUH�LQ�+�3

   � 
1 1 1, ,
a H b

�DUH�LQ�$�3�

   � 
1 1 1 1
H a b H

− = −  � 
2 1 1
H b a

= +  � 
2 a b
H ab

+=  � 
2 .abH

a b
=

+
 Ex. 7KH�+DUPRQLF�0HDQ�EHWZHHQ���DQG�±���LV�

     H = 
� � �± �� ��
� � �� �
× × −=

+ − −
 = ���

 4. If a1, a2, a�, a4������� an are n�QRQ�]HUR�QXPEHUV�LQ�+�3���WKHQ�WKHLU

� � � +DUPRQLF�0HDQ� � � � �

1 1 1 1�����
na a a a

n

 + + + +  

 ��� 5HODWLRQV�EHWZHHQ�WKH�WKUHH�VHULHV��i.e.��$�3��*�3�DQG�+�3�

� �a� 7KUHH� QXPEHUV�a, b, c�ZLOO� EH� LQ�$�3��*�3� RU� LQ�+�3�� DFFRUGLQJ� DV� , ,a b a a b a a b a
b c a b c b b c c

− − −= = =
− − −

 

UHVSHFWLYHO\�

  �i�� a b a
b c a

− =
−

 � a2 – ba = ab – ac � 2ab = a2���ac � 2b = a + c � a, b, c�DUH�LQ�$�3��

  �ii�� a b a
b c b

− =
−

 � ab – b2 = ab – ca � b2 = ac � a, b, c�DUH�LQ�*�3�

� � �iii�� a b a
b c c

− =
−

 � ac – bc = ab – ac � 2ac = ab���bc � 
2acb

a c
=

+
 � a, b, c�DUH�+�3�

 �b� ,I�A, G, H�DUH�UHVSHFWLYHO\�WKH�$ULWKPHWLF��WKH�*HRPHWULF�DQG�WKH�+DUPRQLF�PHDQV�EHWZHHQ�DQ\�WZR�
XQHTXDO�SRVLWLYH�QXPEHUV��WKHQ

  �i�� A, G, H�DUH�LQ�*�3� �ii�� A > G > H.
   �i�� /HW�WKH�WZR�SRVLWLYH�QXPEHUV�EH�a�DQG�b��7KHQ�

     A = 
2, ,

2
a b abG ab H

a b
+ = =

+

� � �� 7KHQ� A�î�H = 22
2

a b ab ab G
a b

+  × = =  + 

    � G = AH  � A, G, H�DUH�LQ�*�3�
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   �ii�� A – G = 
( )2

2–
2 2 2

a ba b a b abab
−+ + −= = �!���� A – G�!��� � A > G

� � �� $OVR� G – H = 
2abab
a b

−
+

 = ( )2� � � � ± � � �
� �

a b ab ab ab a b ab ab a b
a b a b a b

+ − += = − >
+ + +

    � G – H� !��� � G > H
    ? A > G > H.

SOLVED EXAMPLES

Ex. 1.  7KH�WKLUG�DQG�VHYHQWK�WHUPV�RI�DQ�+�3�DUH�
�
11

�DQG�
� .
31

�)LQG�WKH�¿UVW�WHUP�DQG�WKH�HLJKWK�WHUP�

 6RO�� 7KLUG�DQG�VHYHQWK�WHUPV�RI�DQ�+�3�DUH�
7 7DQG
�� ��

  �� 7KLUG�DQG�VHYHQWK�WHUPV�RI�DQ�$�3�DUH�
�� ��DQG
7 7

� � /HW�WKH�¿UVW�WHUP�RI�WKH�$�3��EH�a�DQG�FRPPRQ�GLIIHUHQFH�d�

� � 7KHQ�� T� = a + 2d = 
11
7
� ����i��

     T7 = a + 6d = 
��
7
� ����ii�

� � �ii��±��i�� � 4d = 
�� �
7 7

d⇒ =

  ?� )URP��i��
��
7

a +  = 
11 1
7 7

a⇒ =

     T8 = 
� � � ��� � �
7 7 7 7

a d+ = + × = + =

  ?� 7KH�¿UVW�DQG�HLJKWK�WHUPV�RI�WKH�+�3��DUH�UHVSHFWLYHO\�WKH�UHFLSURFDOV�RI�WKH�¿UVW�DQG�HLJKWK�WHUPV�RI�WKH�$�3��

i.e. ��DQG�
� .
36

Ex. 2.  ,QVHUW�WKUHH�KDUPRQLF�PHDQV�EHWZHHQ���DQG���
 6RO�� ��KDUPRQLF�PHDQV�EHWZHHQ���DQG��

  �� ��DULWKPHWLF�PHDQV�EHWZHHQ�
1 1DQG
� �

  Let A1, A2, A��EH�WKH�DULWKPHWLF�PHDQV�EHWZHHQ�
1 1DQG �
� �

� � 7KHQ��� � � �
1 1, , ,
� �

A A A �IRUP�DQ�$�3�

� � ZKHUH��t1 = a = 
1 ,
�

 t� = a����d = 
1
6

  ?  
1 4
�

d+  = 
1 1 1 1 14
� � � �� ���

d d⇒ = − = − ⇒ = −

  ?  A1 = 
� � ��
� ��� ���

 + = + − =  
a d

     A2 = 
1 1 1 1 112 2
� ��� � �� ��

a d  + = + × − = − =  
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     A� = 
1 1 1 1 7� �
� ��� � �� ��

 + = + × − = − =  
a d

  ?� 5HTXLUHG�KDUPRQLF�PHDQV�DUH�
120 60 40, , .
�� �� �

Ex. 3.  ,I�WKH�mWK�WHUP�RI�DQ�+�3��LV�n�DQG�nWK�WHUP�LV�m��VKRZ�WKDW�WKH�rWK�WHUP�LV� .mn
r

 6RO�� /HW�WKH�FRUUHVSRQGLQJ�$�3��EH�a, a���d, a����d������
� � 6LQFH�WKH�mWK�term�DQG�nth term RI�WKH�+�3��DUH�n�DQG�m�UHVSHFWLYHO\��WKHQ�IRU�WKH�$�3���

    mWK�WHUP� �a����m�±����d = 
1
n
� ����i�

    nWK�WHUP� �a����n�±����d = 
1
m
� ����ii�

� � �ii��±��i�� �� �n�±���d�±��m�±���d = 
1 1
m n

−

  �� � �n – m�d = 
1n m d

mn mn
− ⇒ =

� � 3XWWLQJ�LQ��i���
1 1� ��a m

mn n
+ − × =

  �� � a = 
1 1 1 1
n n mn mn

− + =

  ?  tr = a����r�±���d = 
1 1� �� rr

mn mn mn
+ − =

  ? rWK�WHUP�RI�+�3�� �
mn
r

�

Ex. 4.  ,I�H�EH�WKH�KDUPRQLF�PHDQ�EHWZHHQ�x�DQG�y��WKHQ�SURYH�WKDW� 2.H x H y
H x H y

+ ++ =
− −

 6RO� H�EHLQJ�WKH�+�0��EHWZHHQ�x�DQG�y

  �  H = 
2xy

x y+
 � 

2 2DQGH y H x
x x y y x y

= =
+ +

  �  
H x
H x

+
−

 = 
2 2DQG
� � � � ± � �

y x y H y x x y
y x y H y x x y

+ + + + +=
− + − +

�8VLQJ�&RPSRQHQGR�DQG�'LYLGHQGR�

  �  
H x
H x

+
−

 = 
� �DQGy x H y x y
y x H y x y

+ + +=
− − −

  ?  
H x H y
H x H y

+ ++
− −

 = 
� � � ± � ± � � � 2.y x x y y x x y y x
y x x y y x y x

+ + + −+ = = =
− − − −

([����  ,Q�DQ�+�3���pWK�WHUP�LV�qr�DQG�qWK�WHUP�LV�pr��VKRZ�WKDW�rWK�WHUP�LV�pq.

 6RO� Tp�RI�+�3� �qr � Tp�RI�$�3�� �
1
qr

 � a����p�±���d = 
1
qr

� ����i�

� � :KHUH�a�DQG�d�DUH�WKH�¿UVW�WHUP�DQG�FRPPRQ�GLIIHUHQFH�UHVSHFWLYHO\�RI�WKH�$�3�

� � $OVR� Tq�RI�+�3� �pr � Tq�RI�$�3� �
1
pr

 � a����q�±���d = 
1
pr

� ����ii�
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� � (TQ��ii��±�(TQ��i�� �� �q�±���d�±��p�±���d = 
1 1
pr qr

−  �� �q – p�d = 
1q p d

pqr pqr
− ⇒ =

  �  a����p�±����
1

pqr
 = 

1
qr

 � 
1 1 1 1 1 1� �� ±a p
qr pqr qr qr pqr pqr

= − − = + = �

  ?  Tr�RI�$�3� �a����r�±���d 
1 1� ��r

pqr pqr
= + −  = 

1 1 1 1
pqr pq pqr pq

+ − =

  �  Tr�RI�+�3� �pq.

Ex. 6.  /HW�a, b, c�EH�LQ�$�3�DQG�_a_����_b_���DQG�_c_����,I 
  x = 1 + a + a2����������WR�f
  y = 1 + b + b2����������WR�f
� � z = 1 + c + c2����������WR�f��WKHQ�VKRZ�WKDW�x, y, z�DUH�LQ�+�3�

 6RO�� � � x = 1 + a + a2 +��������WR�f�= 
1

1 a−

    y = 1 + b + b2 + �������WR�f�= 
1

1 b−

� � � � z = 1 + c + c2 + �������WR f�= 
1 �

1 c−
� �1RZ��a, b, c�DUH�LQ�$�3�
  � 1 – a, 1 – b, 1 – c�DUH�LQ�$�3�

  � 
1 1 1, ,

1 1 1a b c− − −
�DUH�LQ�+�3�

  � x, y, z�DUH�LQ�+�3�

([����  ,I�a1, a2, a3, ....., an�DUH�LQ�+�3��WKHQ�ZKDW�ZLOO��a1a2 + a2a3 + ..... + an – 1 an��HTXDO�WR" (AMU 2003)
 6RO� a1, a2, a����������an DUH�LQ�+�3�

  � 
� � �

1 1 1, ,
a a a

��������
1

na
�DUH�LQ�$�3

  If d�LV�WKH�FRPPRQ�GLIIHUHQFH�RI�WKH�$�3���WKHQ�

   
� � � � �

1 1 1 1 1 1� ������� �
−

− = − = − =
n n

d d d
a a a a a a

 � 1� �1 2

� � � � �
� � ����� � n n

n n

a aa aa a d d d
a a a a a a

−

−

−−− = = =

  � a1 – a2 = a1a2d, a2 – a� = a2a�d����������an – 1 – an = an – 1 and
  �� �a1 – a2���a2

 – a������������an – 1 – an�� �a1a2d���a2a�d�����������an – 1 and
  �� �a1 – an�� ��a1a2���a2a������������an – 1 an�d� ����i�

� � $OVR��
1 2

1 1 1� � �����
na a a
�LV�DQ�$�3�ZLWK�FRPPRQ�GLIIHUHQFH�d

  �  
1

na
 = 

1

1 � ��n d
a

+ −  �� �n�±���d = 
1

1 1

na a
−  � 1

1
� �� n

n

a an d
a a

−− =

  � a1 – an� ��n�±���d a1an    ����ii�
  ?� )URP��i��DQG��ii�
� � � � �n�±���d a1an� ��a1a2���a2a�����������an – 1an��d 
  �� ��a1a2���a2a�����������an – 1an�� ��n�±����a1an.
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([����     ,I� 2 2 2
1 1 1, ,
a b c

�DUH�LQ�+�3��VKRZ�WKDW�b + c, c + a, a + b�DUH�LQ�+�3�

 6RO�� �:H�NQRZ�E\�WKH�SURSHUW\�RI�+�3��LI�x, y, z�DUH�+�3��
x y x
y z z

− =
−

  ? 2 2 2
1 1 1, ,
a b c

�DUH�LQ�+�3�� � 
2 2 2

2 2 2

1 1 1

1 1 1
a b a

b c c

−
=

−
 � 

2 2

2 2 2 2 22 2

2 2 2 2 2 2 2

2 2

� �
� �

b a
c c b a ca b

c b a a c b a
b c

−
−= ⇒ =

− −

  �  b2 – a2 = c2 – b2 � 2b2 = c2���a2 ����i��
� � 1RZ��IRU�b���c, c���a, a���b�WR�EH�LQ�+�3

    
� � � �
� � � �
b c c a
c a a b

+ − +
+ − +

 = 
b c
a b

+
+

 � 
b a b c
c b a b

− +=
− +

  �� � �b – a���b���a�� ��c���b���c – b�
� � �  b2 – a2 = c2 – b2 or 2b2 = c2���a2��ZKLFK�LV�WUXH�IURP��i�
  ? b���c, c���a, a���b�DUH�LQ�+�3�

([����     7KH�VXP�RI�WKH�UHFLSURFDOV�RI�WKUHH�QXPEHUV�LQ�+�3��LV����DQG�WKH�SURGXFW�RI�WKH�QXPEHUV�LV�
1 .
���

�)LQG��

WKH�QXPEHUV�

 6RO�� /HW�WKH�WKUHH�QXPEHUV�LQ�+�3��EH�
1 1 1, ,

a d a a d− +
  ?� �a – d����a����a���d�� ���
  �� �a� ���� � a� ��

� � $OVR�
1 1 1· ·

� � � �a d a a d− +
 = 

1
���

 � 2 2 2
1 1 1 1

��� ���� � � ��� ± �a a d d
= ⇒ =

−
� � �� � ���±�d 2 = 21
� � �  d 2 = 4 � d = ± 2

� � +HQFH�WKH�QXPEHUV�DUH�
1 1 1, ,
� � �

�ZKHQ�d = 2

  or 
1 1 1, ,
� � �

�ZKHQ�d� �±���

Ex. 10.  ,QVHUW�EHWZHHQ�
1 1DQG
6 16

�WZR�QXPEHUV�VXFK�WKDW�WKH�¿UVW�WKUHH�PD\�EH�LQ�+�3��DQG�WKH�ODVW�WKUHH�LQ�*�3�

 6RO� Let a�DQG�b�EH�WKH�WZR�QXPEHUV�EHWZHHQ�
1 1DQG
6 16

��7KHQ�
1 ,
6

 a, b�DUH�LQ�+�3�

  �  a = 

12
6

1
6

b

b

× ×

+
 

2� � LQ +�3 aca b c b
a c

 ⇒ = + 
'

  �  
6
a ab+  = 

�
b

 � a����ab = 2b� ����i�

� � $OVR�� a, b, 
1

16
�DUH�LQ�*�3�
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  �  b2 = 2 21 16
16 16

aa b a b× ⇒ = ⇒ = � ����ii�

  ?��)URP��i��DQG��ii�
  �  16b2�����î���b2�î�b = 2b � 16b2�����b� – 2b� ��� � b���b�����b2�±���� ��
  �  b���b2�����b�±���� ��� � b���b2����b�±���� ��
  �  b����b�±������E������ ��

  �  b = 
1 1RU RU �

12 4
−

� � 6LQFH��
1
4

− �DQG���GR�QRW�OLH�EHWZHHQ�
1 1DQG �
6 16

�WKHUHIRUH��
1

12
=b

   Hence a = 16b2 = 
116

144
1
�

× = �

  ?�� 7KH�UHTXLUHG�QXPEHUV�DUH�
1 1DQG �
4 12

Ex. 11.  ,I�$�0��EHWZHHQ�WZR�QXPEHUV�LV�WR�WKHLU�*�0��DV�������DQG�WKH�GLIIHUHQFH�RI�WKHLU�*�0��DQG�+�0��LV�������
¿QG�WKH�QXPEHUV�

 6RO� /HW�WKH�WZR�QXPEHUV�EH�a�DQG�b��7KHQ�

� � � � $�0� �
2

a b+

� � � � *�0�� � ab

� � � � +�0�� �
2
+
ab

a b
� � *LYHQ��� $�0���*�0� ������

  �  
� ���a b

ab
+

 = 
� �
4 42

a b
ab

+⇒ = � ����i�

� � $OVR��� *�0��±�+�0�� �����

  �  
2abab
a b

−
+

 = 
16
�
� ����ii�

� � )URP��i���a���b = 
� � � �

4 2
ab a b ab× ⇒ + = � ����iii�

� � 3XWWLQJ�WKLV�YDOXH�RI��a���b��LQ��ii���ZH�KDYH

    
2 2

�
abab
ab

− ×  = 
16
�

 � 
4 16
� �

ab ab− =

  �  
1
�

ab  = 
16
�

ab⇒  = 16 � ab� ����

  ?� )URP��iii��� a���b = 
� �� ���
2

× =

  ?� � �a – b�2� ��a���b�2 – 4ab� ���2�±���î����� ������±������ ����
  �  a – b = ± 24
� � 1RZ�VROYLQJ�a���b� ����DQG�a – b� �������ZH�JHW
    a� �����b = 8 or a = 8, b� �����
  ?� 7KH�QXPEHUV�DUH���DQG����
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Ex. 12.  ,I�
a x a y a z

px qy rz
− − −= = �DQG�p, q, r�DUH�LQ�$�3���VKRZ�WKDW�x, y, z�DUH�LQ�+�3�

 6RO� Let  
a x

px
−

 = 
a y a z k

qy rz
− −= =

� � 7KHQ��
a x

px
−

 = k � 
1 1a x ap p

kx k x
−  = ⇒ = −  

� � 6LPLODUO\�� q = 
1 11 , 1a ar
k y k z

   − = −     
� � 1RZ���p, q, r�DUH�LQ�$�3�

  � 
1 1 11 , 1 , 1a a a
k x k y k z

     − − −         
�DUH�LQ�$�3�

  � 1, 1, 1a a a
x y z

− − − �DUH�LQ�$�3�� �0XOWLSO\LQJ�HDFK�WHUP�E\�k�

  � , ,a a a
x y z

�DUH�LQ�$�3�� � � �$GGLQJ���WR�HDFK�WHUP�

  � 
1 1 1, ,
x y z

�DUH�LQ�$�3�� � � �'LYLGLQJ�HDFK�WHUP�E\�a�

  � x, y, z�DUH�LQ�+�3�

Ex. 13. /HW�a, b�EH�WZR�SRVLWLYH�UHDO�QXPEHUV��,I�a, A1, A2, b�DUH�LQ�DULWKPHWLF�SURJUHVVLRQ��a, G1, G2, b�DUH�LQ�
JHRPHWULF�SURJUHVVLRQ�DQG�a, H1, H2, b�DUH�LQ�KDUPRQLF�SURJUHVVLRQ��WKHQ�VKRZ�WKDW

 1 2

1 2

G G
H H

 = 1 2

1 2

�� � � � �
�

A A a b a b
H H ab

+ + +=
+

 6RO� a, A1, A2, b�DUH�LQ�$�3�� � A1 – a = b – A2 � A1���A2 = a���b� ����i�

  a, G1, G2, b�DUH�LQ�*�3�� � 1

2

G b
a G

=  � G1 G2 = ab� ����ii�

  a, H1, H2, b�DUH�LQ�+�3�

  ��
1 2

1 1 1 1, , ,
a H H b

�DUH�LQ�$�3�

  �� �
1

1 1
H a

−  = 
2

1 1
b H

−

  �� �
1 2

1 1
H H

+  = 
1 1
a b

+

  �� � 1 2

1 2

H H
H H

+
 = 1 2

1 2

A Aa b
ab G G

++ = � �)URP��i��DQG��ii��

  �� � 1 2

1 2

G G
H H

 = 1 2

1 2
.

A A
H H

+
+

 +HQFH�SURYHG�

� � 1RZ�
1 2

1 1 1, ,
a H H

�DUH�LQ�$�3� � � �' a, H1, H2��DUH�LQ�+�3��

  �� �
1

1 1
H a

−  = 
2 1

1 1
H H

−
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  �� �
1 2

2 1
H H

−  = 
1
a
� ����iii�

� � $OVR���
1 2

1 1 1, ,
H H b

�DUH�LQ�$�3� � � �' H1, H2, b�DUH�LQ�+�3��

  �� �
2 1

1 1
H H

−  = 
2

1 1
b H

−  ��
2 1

2 1
H H

−  = 
1
b
� ����iv�

� � (T���iii������î�(TQ���iv���� 
1 2 2 1

2 1 4 2 1 2
H H H H a b

   − + − = +   
   

      � 
2

�
H

 = 
2b a

ab
+

 � H2 = 
�

2
ab

a b+

� � (T���iv������î�(T���iii�� � 
2 1 1 2

2 1 4 2 1 2
H H H H b a

   − + − = +   
   

     � 1
1

� � �
2

a b abH
H ab a b

+= ⇒ =
+

  ? 1 2

1 2 � �
� � � �� �

G G ab
ab abH H

a b a b

=
×

+ +

 = 
� � � �� �

�
a b a b

ab
+ +

�+HQFH�SURYHG�

Ex. 14. ,I�x > 1, y > 1, z�!���DUH�LQ�*�3���WKHQ�VKRZ�WKDW�
1 1 1, ,

� ORJ � ORJ � ORJx y z+ + +
�DUH�LQ�+�3� 

�IIT 1999, Manipal 2012�
 6RO� x, y, z�DUH�LQ�*�3�
    � y2 =  xz �� ��ORJ�y� �ORJ�x���ORJ�z
  � � ��� ORJ�x��ORJ�y��ORJ�z�DUH�LQ�$�3�
    �� ����ORJ�x������ORJ�y������ORJ�z�DUH�LQ�$�3�� �$GGLQJ���WR�HDFK�WHUP�

    � 
1 1 1, ,

� ORJ � ORJ � ORJx y z+ + +
 DUH�LQ�+�3�

([�����  )LQG�WKH�KDUPRQLF�PHDQ�RI�WKH�URRWV�RI�WKH�HTXDWLRQ

( )2�� �� � � �� � �� ��x x+ − + + + =

�IIT 1999, MPPET 2010, EAMCET 2013�
 6RO� /HW�WKH�URRWV�RI�WKH�HTXDWLRQ�EH�D�DQG�E��7KHQ�

� � � � 6XP�RI�URRWV� �D���E = 
�� ��
� �

+
+

� � � � 3URGXFW�RI�URRWV� �DE =
� � �
� �
+
+

� � 1RZ��+DUPRQLF�0HDQ�RI�WKH�URRWV��D�DQG�E = 

� � �2
� �� � �� ��

�� �� �� ��
� �

4.

 +
 

+αβ + = = =
α + β + +

+
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PRACTICE SHEET 

 1.�7KH�nWK�WHUP�RI�WKH�+�3��
2 8� � � � �����
� ��

+ + + +  is 

� ��a��
7

26 2n−
� � �b��

�
� �n −

� ��c��
��

16 – n
� � �d��1RQH�RI�WKHVH

 2.�7KH�KDUPRQLF�PHDQ�RI� DQG
1 1

a a
ab ab− +

 is

� ��a��a� � �b�� 2
1

1 a b2−

� ��c�� 2 21
a
a b−

� � �d��
2 21

a

a b−
      �AMU 2002�

 3.�7KH��WK�DQG���WK�WHUP�RI�DQ�+�3��DUH�
1 1DQG
�� ��

�UHVSHFWLYHO\��

7KHQ��LWV���WK�WHUP�ZLOO�EH

� ��a��
1
77

� �b��
1
81

� �c��
1
��

� �d��
1
��

     �Rajasthan PET 2003�
 4.�,I� WKH�$�0�� DQG�*�0�� RI� WZR� QXPEHUV� EH� ��� DQG� ���

UHVSHFWLYHO\��WKHQ�ZKDW�LV�WKHLU�+�0��HTXDO�WR"
� ��a����� �b����� �c����� �d����

� ���,I�WKH�¿UVW�WZR�WHUPV�RI�DQ�+�3��DUH�
2 12DQG
� ��

�UHVSHFWLYHO\��

WKHQ�WKH�ODUJHVW�WHUP�LV
� ��a���QG�WHUP� �b���UG�WHUP� �c���WK�WHUP� �d���WK�WHUP
      �AMU 2007�
 6. If a�DQG�b�DUH�WZR�UHDO�QXPEHUV�VXFK�WKDW�����a < b�DQG�WKH�

DULWKPHWLF�PHDQ�EHWZHHQ�a�DQG�b is 
4
�
�WLPHV�WKH�KDUPRQLF�

PHDQ�EHWZHHQ�WKHP��WKHQ�b/a�LV�HTXDO�WR

� ��a��
2
�
� �b��

�
2
� �c���� �d��

8
�

� ���*�0��DQG�+�0��RI�WZR�QXPEHUV�DUH����DQG���UHVSHFWLYHO\��
7KH�QXPEHUV�DUH

� ��a��������� �b�������� �c�������� �d�������
      �WBJEE 2010�
� ���)LYH�QXPEHUV�DUH�LQ�+�3��7KH�PLGGOH�WHUP�LV���DQG�WKH�UDWLR�

RI�WKH�VHFRQG�DQG�IRXUWK�WHUPV�LV��������7KHQ��WKH�VXP�RI�WKH�
¿UVW�WKUHH�WHUPV�LV

� ��a������� �b���� �c���� �d������
      �WBJEE 2013�
� ���,I� IRU� WZR� QXPEHUV� WKH� UDWLR� RI� WKHLU�+�0�� WR�*�0�� LV� 

�������WKHQ�WKH�QXPEHUV�DUH�LQ�WKH�UDWLR
� ��a��������� �b��������� �c��������� �d��������
      �Type IIT�

 10.�,I���y – a��LV�WKH�+�0��EHWZHHQ�y – x�DQG�y – z��WKHQ��x – a���
�y – a����z – a��DUH�LQ

� ��a��$�3�� �b��*�3� �c��+�3�� �d��1RQH�RI�WKHVH
    �Rajasthan PET 2001�

 11. If a, b, c� DUH� LQ�+�3��� WKHQ�
1 1 1 1 1 1
a b c b c a

   + − + −      
 is  

HTXDO�WR

� ��a�� 2
� �

acb
− � �b�� 2

� �
acb

− � �c�� 2
� �
ac b

− � �d�� 2
� �

acb
+

      �Kerala PET�
 12.�,I� WKH� lWK��mWK� DQG�nWK� WHUPV�RI� DQ�+�3�� DUH� LQ�+�3�� WKHQ� 

l, m, n, are in
� ��a��+�3�� �b��$�3�� �c��*�3�� �d��1RQH�RI�WKHVH
 13.�,I�ORJ��a���c���ORJ��c – a��DQG�ORJ��a – 2b���c��DUH�LQ�$�3��WKHQ
� ��a��a, b, c�DUH�LQ�$�3�� �b��a2, b2, c2�DUH�LQ�$�3�
� ��c��a, b, c�DUH�LQ�*�3�� �d��a, b, c�DUH�LQ�+�3�
      �DCE 2002�
 14.�,I�WKH�VXP�RI�WKH�URRWV�RI�WKH�HTXDWLRQ�ax2���bx���c� ���LV�

HTXDO�WR�VXP�RI�WKHLU�VTXDUHV��WKHQ� , ,c b c
a a b

 are in

� ��a��$�3�� �b��*�3� �c��+�3� �d��1RQH�RI�WKHVH
 �Punjab CET 2008�
���� If ax = by = cz�DQG�x, y, z�DUH�LQ�+�3���WKHQ�a, b, c are in
� ��a��*�3�� �b��$�3�� �c��+�3�� �d��1RQH�RI�WKHVH

 16. If x2����y2�����z2 = xyz 
�� � � ,
x y z

 + +  
�WKHQ�x, y, z are in

� ��a��*�3�� �b��+�3�� �c��$�3�� �d��1RQH�RI�WKHVH
      �DCE 2004�
���� If a, b, c�DUH�LQ�$�3��DQG�a2, b2, c2�DUH�LQ�+�3���WKHQ�ZKLFK�RI�

WKH�IROORZLQJ�VWDWHPHQW�FDQ�EH�WUXH"

� ��a��a, b, – 
2
c
�DUH�LQ�*�3�� �b��a = b = c

 ��c��$Q\�RI�WKHVH� �d��1RQH�RI�WKHVH
      �IIT 2003�
�����7KH�+�0��RI�WZR�QXPEHUV�LV����7KHLU�$�0��LV�A�DQG�*�0��

is G��,I��A���G 2� �����WKHQ�A�LV�HTXDO�LV

� ��a��
�
2
� �b����� �c��

27
2
� �d����

      �WBJEE 2011�
���� LeW�WKH�SRVLWLYH�QXPEHUV�a, b, c, d�EH�LQ�$�3��7KHQ��abc, abd, 

acd, bcd are
� ��a��127�LQ�$�3��*�3��+�3� �b��,Q�$�3�
� ��c��,Q�*�3�� � �d��,Q�+�3�� � �IIT 2001�
 20. If a x = b y = c z = d u�DQG�a, b, c, d�DUH�LQ�*3��WKHQ�x, y, z, u 

are in
� ��a��$�3�� �b��*�3�� �c��+�3�� �d��1RQH�RI�WKHVH
      �VITEEE 2010�
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 21. If a, a1, a2����������a2n, b�DUH�LQ�DULWKPHWLF�SURJUHVVLRQ�DQG�a, 
g1, g2��������g2n, b�DUH�LQ�JHRPHWULF�SURJUHVVLRQ��DQG�h�LV�WKH�

KDUPRQLF�PHDQ�RI�a�DQG�b��WKHQ� 2 2 11 2

1 2 2 2 1
�����nn

n n

a aa a
g g g g

−

−

++ + +  

1

1

n n

n n

a a
g g

+

+

+
+ �LV�HTXDO�WR

� ��a���nh� �b��n/h� �c��nh� �d���n/h
      �DCE 2009�

 22.�)LQG� WKH� YDOXH� RI� n� IRU� ZKLFK�
1 1n n

n n
a b

a b

+ + +
  + 

� LV� WKH�

KDUPRQLF�PHDQ�EHWZHHQ�a�DQG�b�

� ��a��±��� �b��
�–
2
� �c��±��� �d��

1–
2
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� ��a��$�3� �b��*�3� �c��+�3� �d��1RQH�RI�WKHVH
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�� �� ��–
12 12 12

= = −d

  ?� 7KH�FRUUHVSRQGLQJ�$�3��LV�
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  � 
2

� �� �   − +      
b b
a a
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� �� �   − −      
b b
a a

� ��

  � 
b
a

 = 
1 RU �
�

=b
a

  
1�
�

 < < ⇒ ≠  
' ba b

a

  � 
b
a

 = 3.

 ���/HW�WKH�WZR�UHTXLUHG�QXPEHUV�EH�a�DQG�b�

� �7KHQ�� *�0� � ab � ����� ab� ����� � ����i�
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ARITHMETICO–GEOMETRIC SERIES
KEY FACTS

 1.� $� VHULHV� LQ�ZKLFK� HDFK� WHUP� LV� WKH� SURGXFW� RI� FRUUHVSRQGLQJ� WHUPV� RI� DQ�$�3�� DQG� D�*�3�� LV� FDOOHG� DQ� 
$ULWKPHWLFR�*HRPHWULF�VHULHV�

  7KH�JHQHUDO�or�VWDQGDUG�IRUP�RI�VXFK�D�VHULHV�LV
  a����a���d�r����a����d�r2����a����d�r�������������^a����n�±����d}rn – 1��������ZKHUH�HDFK�WHUP�LV�IRUPHG�E\�PXOWLSO\LQJ�

WKH�FRUUHVSRQGLQJ�WHUPV�RI�WKH�WZR�VHULHV�
  $�3����a����a���d�����a����d�������������a����n�±���d����������DQG
  *�3��������r���r2�����������rn – 1��������

 2. nWK�WHUP�RI�DQ�$ULWKPHWLFR�*HRPHWULF�VHULHV�LV
    Tn = {a����n�±����d} rn – 1�
� ��� 6XP�RI�n�WHUPV�RI�DQ�$ULWKPHWLFR�*HRPHWULF�6HULHV
  Let Sn�EH�WKH�VXP�RI�WKH�n�WHUPV�RI�WKH�VHULHV�a����a���d�r����a����d�r2������������a����n�±����d�rn – 1

� � 7KHQ�� Sn = a����a���d�r����a����d�r2�����������a����n�±����d�rn – 1� ����i�
    rSn =         a r����a���d�r2�������������a����n�±����d�rn – 1����a����n�±����d�rn� ����ii�
� � 6XEWUDFWLQJ�HTQ��ii��IURP�HTQ��i���ZH�JHW
� � � � ���±�r��Sn� ��a���dr���dr2������������dr n – 1��±��a����n�±����d�rn

     = 
1�� �

�� �

ndr ra
r

−−+
−

�±��a����n�±���d�rn

  �  Sn = 
1

2
�� � � � �� � .

� �� ��� �

n na dr r a n d r
r rr

−− + −+ −
− −−

 ��� 6XP�RI�DQ�LQ¿QLWH�$ULWKPHWLFR�*HRPHWULF�6HULHV
  /HW�WKH�LQ¿QLWH�$ULWKPHWLFR�*HRPHWULF�VHULHV�EH
   a����a���d��r����a����d��r2�������������a +��n�±����d�rn – 1���������f
  If | r _������WKHQ�r n o���DQG�r n – 1 o����DV��n o f��WKHQ

    Sf = 21 �� �
a dr

r r
+

− −
�

SOLVED EXAMPLES

Ex. 1.   )LQG�WKH�nWK�WHUP�RI�WKH�JLYHQ�DULWKPHWLFR�JHRPHWULF�VHULHV�

  �i� 
� � � � .....
� � �� ��

+ + + +  �ii����±��x + 3x2 – 4x3 + .....

 6RO�� �i�� 7KH�$�3��DQG�*�3��FRUUHVSRQGLQJ�WR�WKH�JLYHQ�VHULHV

   
� � � � �����
� � �� ��

+ + + + �DUH�UHVSHFWLYHO\

� � � �����������������������DQG�
1 1 1 1� � � � ����� �
� � �� ��

    nWK�WHUP�RI�$�3��  �������n�±������ ���n�±���

    nWK�WHUP�RI�*�3��  �
11 1 1·

� � �

n n−   =      

   ?  nWK�WHUP�RI�WKH�JLYHQ�VHULHV� �
1�� �� �
3

n

n  −   
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� � �ii��7KH�JLYHQ�DULWKPHWLFR�JHRPHWULF�VHULHV�LV
   1 – 2x����x2 – 4x����������
� � ������ZKHUH�FRUUHVSRQGLQJ�$�3��DQG�*�3��DUH�UHVSHFWLYHO\������������������DQG����±�x���±�x�2���±�x���������
    nWK�WHUP�RI�$�3�  �������n�±������� �n
    nWK�WHUP�RI�*�3�  ������±�x�n – 1 = �±���n – 1��x�n – 1.
   ? nWK�WHUP�RI�WKH�JLYHQ�VHULHV� �n����±���n – 1 xn – 1 = �±���n – 1 nxn – 1.

Ex. 2.   )LQG�WKH�VXP�WR�n�WHUPV�RI�WKH�VHULHV�
� � �1 .....
� � �

+ + + +

 6RO� 
� � �� ������
2 4 8

+ + + + �LV�DQ�DULWKPHWLFR�JHRPHWULF�VHULHV�ZLWK�FRUUHVSRQGLQJ�$�3��DQG�*�3�DV�

� � $�3��������������������������

� � *�3����
1 1 1� ������
2 4 8

+ + + +

    nWK�WHUP�RI�$�3��  �������n�±������� ���n�±���

    nWK�WHUP�RI�*�3��  �
1

1
1 1��
2 2

n

n

−

−
  =  

  ?  nWK�WHUP�RI�WKH�JLYHQ�$�*�3�� � 1
2 1
2n
n

−
−

  ?  Sn = 1
� � � � �� ����������
2 4 8 2n

n
−
−+ + + + +

  �  
1
2 nS  =      1

� � � � � � ������� ������
2 4 8 2 2n n

n n
−
− −+ + + + + +

� � 2Q�VXEWUDFWLRQ��ZH�JHW

    
11
2 nS −  

 = 1
2 2 2 2 2 1� ���������� ±
2 4 8 2 2n n

n
−

−+ + + + +

  �  
1
2 nS  = { }1

1 1 1 1 2 1� � ���������
2 4 8 2 2n n

n
−

−+ + + + + −

  �  
1
2 nS  = 

1 11
2 2 � � � � � � �� � � � ± � ±1 2 2 2 21

2

n

n n n n
n n n

     −     − − +   + − = + − =
 −  

  ?  Sn = −
+− 1

2 36 .
2n
n

Ex. 3.   )LQG�WKH�VXP�RI�WKH�VHULHV� 2 3
� � ��1 ....
� � �

+ + + + ∞

 6RO� Let  Sf = � �
� � ��� ����
� � �

+ + + + ∞ � «�i�

    
1
� ∞S  =      � �

1 4 7 ����
� � �

+ + + ∞ � ����ii�

� � 6XEWUDFWLQJ�HTQ��ii��IURP�HTQ��i���ZH�JHW

    
11
� ∞

 −   S  = � �
� � �� ����
� � �

+ + + + ∞
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4
� ∞S  = � �

1 1 1� � ����
� � �

 + + + + ∞  

     = 

1
�� � 11
�

 
 +  

−  

 �'�6XP�RI�LQ¿QLWH�*�3� �
1−

a
r
�� �

� � � � �1 1
� � � � �

+ = + =

  ?  Sf = 
� �
4 4

�� .
16

× =  

Ex. 4.  ,I�WKH�VXP�WR�LQ¿QLW\�RI�WKH�VHULHV������r����r2 + ...... f�LV�
44
�
��¿QG�WKH�YDOXH�RI�r.

 6RO�� �����r����r2����������f�LV�DQ�LQ¿QLWH�DULWKPHWLFR�JHRPHWULF�VHULHV��ZKHUH
    a� ����d� ����FRPPRQ�UDWLR��r�� �r�
� � 6XP�WR�LQ¿QLW\�RI�DQ�$�*�3���ZLWK�¿UVW�WHUP�RI�$�3��DV�a��FRPPRQ�GLIIHUHQFH�d�DQG�FRPPRQ�UDWLR�r is

    Sf = 21 �� �
a dr

r r
+

− −

  ?  
44
�

 = 2
� �

1 �� �
r

r r
+

− −
 � 

44
�

 = 2
� �� � �
�� �

r r
r

− +
−

  �� � ������±�r�2�  ������±�r�� �� ������±��r���r2�� ����±��r
  �  44 – 88r�����r2�  ����±��r � 44r2�±���r������ ��

  �� � ��r�±�������r�±�����  ��� ��
1 17or
4 11

r =

  
17
11

r ≠ �DV�LW�LV�QRW�SRVVLEOH�WR�¿QG�WKH�VXP�RI�DQ�LQ¿QLWH�*�3��ZLWK�_�r�_�!����6R� r = 1 .
4

([����  6KRZ�WKDW�
1 1 11
� �� ��4� � � �� ������ �× × × × ∞ =

 6RO� Let  x = 
1 1 11
� �� ��4� � � �� �����× × × × ∞

  ?  ORJ�x = 
1 1 1 1ORJ � ORJ � ORJ � ORJ�� �����
� � �� ��

+ + + + ∞

     = � � �1 1 1 1ORJ � ORJ � ORJ � ORJ � �����
� � �� ��

+ + + + ∞

     = 
� � � �ORJ � ORJ � ORJ � ORJ � �����
� � �� ��

+ + + + ∞

     = 
� � � � ����� ORJ �
� � �� ��

 + + + + ∞  
� ����i�

� � 1RZ��
� � � � �����
� � �� ��

+ + + + ∞ �LV�DQ�$ULWKPHWLFR�*HRPHWULF�VHULHV�

  Let  S = 
� � � � �����
� � �� ��

+ + + + ∞ � ����ii�

    
1
2

S  =         
� � � �����
� �� ��

+ + + ∞ � ����iii�

� � 2Q�VXEWUDFWLQJ�HTQ��iii��IURP�HTQ��ii���ZH�JHW

    
1
2

S  = 
1 1 1 1 �����
� � �� ��

+ + + + ∞  = 

1 1
14 4

1 1 21
2 2

= =
−

 � S = 1

  ?� � ORJ�x� ���î�ORJ��� �)URP��i��
  �� � ORJ�x� �ORJ��� � x = 2.
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PRACTICE SHEET

 1.�7KH�VXP�WR�n�WHUPV�RI�WKH�VHULHV� � �
� � ��� �����
� � �

+ + + +  is

� ��a�� 1
�� � ��
14 �� �n

n
−

+ − × 
� �b�� 1

17 4 7
12 �� �n

n
−

+ − × 

� ��c�� 1
�� �� �
16 �� �n

n
−

+ − × 
� �d�� 1

�� �� �
11 �� �n

n
−

+ − × 

 2.�6XP�WKH�VHULHV���������������2������������������

  �a���������� � �b����������
 ��c�������������� �d�����������

 �Kerala PET 2001�

 3.�7KH�VXP�WR�LQ¿QLW\�RI�WKH�VHULHV� � � �
� � �� ��� �����
� � � �

+ + + + +  
is

� ��a���� �b���� �c���� �d���
�AIEEE 2009�

 4.�*LYHQ�FRW�T = 2 2, �WKH�VXP�RI�WKH�LQ¿QLWH�VHULHV
���������±�VLQ�T���������±�VLQ�T�2��������±�VLQ�T�����������LV

� ��a�� 6 2 � �b���� �c���� �d��8 2
      �AMU 2006�

� �� If 2
4 4 2� ����� ���
� �

d d+ ++ + + ∞ = �WKHQ�d�LV�HTXDO�WR

� ��a���� �b���� �c����� �d����
      �DCE 2007�

ANSWERS
 1. �c� 2. �c� 3. �b� 4. �c�� ��� �d�

HINTS AND SOLUTIONS

 1. � �
� ��1

� � �
4+ + + + ���������LV�DQ�$�*�3��ZLWK

� ��$�3���������������������������

� �*�3���� � �
1 1 1� �����
� � �

+ + + +

  nWK�WHUP�RI�$�3�� �������n�±���� ��n – 2

  nWK�WHUP�RI�*�3�� �
1

1
1 11
� �

n

n

−

−
 × =  

  ? nWK�WHUP�RI�WKH�$�*�3�� � 1
� �
�n
n

−
−

� ��� �n�±���WK�WHUP�RI�WKH�$�*�3�� � 2 2
�� �� � � �

� �n n
n n

− −
− − −=

� �1RZ�OHW� Sn = � � �
� � �� � �� �����
� � � �n

n
−
−+ + + + +

  ? 
1
� nS  =      � � �

� � � � � � ������
� � � � �−

− −+ + + + +n n
n n

  ? 
1
�n nS S−  = � � �

� � � � � �� �����
� � � � �n n

n
−

−+ + + + + −

  � 
11
� nS −  

 = 2 2
� � � � � �� � �����
� � � � �n n

n
−

− + + + + + −  

  � 
4
� nS  = 

1
11 1

� � ��1
1� �1
�

n

n
n−

  −    − + − 
 −  

' Sn = 
�� �
1

−
−

na r
r

, r < 1

    = 1
� � � � �1 1
� � � �n n

n
−

− + × − −  

    = 1
� � � �1
4 � � �−

−+ − −
⋅ n n

n
 = 1
� � � �
4 ��� �n n

n
−

−− −

  � Sn = 1 1
�� �� � �
16 �� � ���− −

− − + × n n
n

    = 1
�� �� �� �
16 �� � – 1

�� �� ± �–
16 �� î �n

n
n
n

−
+ − − = × 

.

 2.��������������2�������������������������� is
� �FOHDUO\�DQ�$*3�ZLWK�$�3�������������������������
� �DQG� � �� *�3�������������2���������������
  Let       S� ��������������2�������������������������

  ?      2S�� ������������������2������������������������������������

  ? S – 2S� �����������2�������������������±���������

  � – S = 
���

����� �� �����
2 1

− −
−

� �� DQG WKLV LV D *�3�
1

ZLWK ��� WHUPV�  ��  �

 −= −   

'
n

n
a rS

r
a r

    = 2����±���±���������

   S = 2����������±���������� �������������±�������
    = ����100 + 1.

 3. Let S = � � �
� � �� ��� ����� XSWR
� � � �

+ + + + + ∞

   
1
�

S  =      � � �
� � � �� ����� XSWR
� � � �

+ + + + ∞



SEQUENCE AND SERIES Ch 1-45

  � 
1
�

S S−  = � � �
1 4 4 4� ����� XSWR
� � � �

+ + + + + ∞

    = � � �
4 1 1 1� �����
� � � �

 + + + + ∞  

    = 
2

1
4 �4

1� 1
�

 
 

+  
 −  

 
1

aS
r∞

 = − 
'

    = 

1
4 4 4 12�4

2� � � �
�

2.

 
 

+ = + = = 
 
 

 4. Let Sf� ����������±�VLQ�T���������±�VLQ�T�
2

������±�VLQ�T�����������f
  � Sf� ������a����a2����a����������f

�ZKHUH�a = 1 – sin T�
  ? a Sf =         a����a2����a����������f
  � Sf�– a Sf� �����a���a

2���a����������f

� �� ���±�a��Sf = 
1

1 a−

  � Sf = 2 2
1 1

�� � �� ± � VLQ �a
=

− + θ

    = 2
2

1 cosec
sin

= θ
θ

  �� Sf = cosec2 T� �����FRW2 T� ����� 2�� �� � � ��= + =

 ���Let S = � �
� � � � �� �����
� � �

d d d+ + ++ + + + ∞

  ? 
1
�

S  =          � �
4 4 4 2 �����
� � �

d d+ ++ + + ∞

  � 
1
�

S S−  = � �� �����
� � �
d d d+ + + + ∞

  � 
4
�

S  = 2
1 1� � �����

� � �
d  + + + + ∞  

  � 
4
�

S  = 
� � �4 4

1� � � �1
�

d dS+ × ⇒ = + ×
−

  � 
4
�

S  = 
�� �

4 16
+ ⇒ = +d dS

� �*LYHQ� S� ���

  ? 
��
16
d+  = 

��� �
16

= 16.dd⇒ = ⇒

SOME SPECIAL SERIES

KEY FACTS

 1. 6XP�RI�¿UVW�n�QDWXUDO�QXPEHUV
  Let S� �������������������������n
� � &OHDUO\��WKLV�LV�DQ�$�3��ZLWK�a = 1, l = n, n = n�

  ?  S = � �
2

� � ��
2

n nn a l+ =  or 
� ��

2
n nn +Σ = ��ZKHUH�Σ VWDQGV�IRU�VXPPDWLRQ�

 2. 6XP�RI�WKH�VTXDUHV�RI�¿UVW�n�QDWXUDO�QXPEHUV
  Let S = 12����2����2����2�����������n2�

� � 7KHQ�� S = 6n2 = 
� �� �� ��

6
n n n+ +

� ��� 6XP�RI�WKH�FXEHV�RI�¿UVW�n�QDWXUDO�QXPEHUV
  Let  S = 1���������������������������n�

� � 7KHQ�� S = 
2

3 2� �� � �
2

n nn n+ Σ = = Σ 
 

 4. If  Tn = an����bn2���cn���d��WKHQ
    Sn = a 6n����b 6n2���c 6n���dn

     = 
2� �� � �� �� �� � �� �

2 6 2
n n n n n n na b c dn+ + + +     + + +         
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SOLVED EXAMPLES

Ex. 1.  )LQG�WKH�nWK�WHUP�DQG�WKHQ�VXP�WR�n�WHUPV�RI�WKH�IROORZLQJ�VHULHV�
  �i� 12�����2 + 22������2 + 22 + 32��������       �ii�� �����������������������

 6RO�� �i�� nWK�WHUP�RI�WKH�JLYHQ�VHULHV

   Tn = 12����2����2�����������n2 = 6n2 = 
� � � �� �� �� �� � �

� � � � �
n n n n n n n n n+ + + += = + +

  ? Sn = 
2 2

� �� � � � � �� � � �� �� �� � � ��· · · · · ·
� � � � � � � � �

n n n n n n nn n n + + + +Σ + Σ + Σ = + +

     = { }
2� �� � �� � � �� � �� � �� � ��� �� �� �� �

12 12 12

2� ��� � ���
12

n n n+ + + + + + ++ + + + = = =n n n n n n n n n nn n n �

� �ii�� ,Q�WKH�JLYHQ�VHULHV�HDFK�WHUP�LV�WKH�SURGXFW�RI�WZR�IDFWRUV��7KH�IDFWRUV����������������DUH�LQ�$�3��KDYLQJ���DV�WKH�
¿UVW�WHUP�DQG���DV�WKH�FRPPRQ�GLIIHUHQFH��WKHUHIRUH�WKH�nWK�WHUP�RI�WKLV�$�3�� ������n�±����� �����n.�$OVR��WKH�
IDFWRUV���������������DUH�LQ�$�3��KDYLQJ���DV�WKH�¿UVW�WHUP�DQG���DV�WKH�FRPPRQ�GLIIHUHQFH��WKHUHIRUH�WKH�nWK�WHUP�
RI�WKLV�$�3�� ������n�±���2 = 2n����

  ? nWK�WHUP�RI�WKH�VHULHV� ������n����n�����
  �  Tn = 2n2����n����

  ? Sn = 2 � � �� �� �� � � ��2 · 7 6 6
6 2

n n n n nn n n n+ + +Σ + Σ + = + +

     = 
� � �� �� �� �� � �� �� �

6

3 2� � �� � ��
6

n n nn n n n n n+ + + + + =

Ex. 2.  :KDW�LV�WKH�VXP�RI�WKH�VHULHV���2 + 162�����2 + ..... + 302�HTXDO�WR"� � � � � � � � � �Kerala PET 2004�
 6RO� � ��2�����2�����2�������������2�  ���2����2����2������������2��±���2����2����2�������������2�

     = 
�� ��

2 2

1 1= =
−∑ ∑

k k
k k  = 

1
6
�î����î����î����î���������±�

1
6
�î����î����î����î��������

2

1

1 � �� �� ��
6=

 = × + + 
 

∑'
n

k
k n n n

     = 
�� �� �� �� �� ��

6 6
× × × ×− � ������±������ ������

Ex. 3.  :KDW�LV�WKH�VXP�RI�WKH�VHULHV��3 – 23 + 33 – 43���������������3�HTXDO�WR"�       �AIEEE 2002�
 6RO� 5HTG�� 6XP�  ����������������������������������±���������������������
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� ��
4

n

k

n nk
=

 +=   
∑'

     = 
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Ex. 4.  )LQG�WKH�VXP�RI�n�WHUPV�RI�WKH�VHULHV�ZKRVH�nWK�WHUP�LV�n2 + 3n

 6RO�   tn = n2����n

   �  t1 = 12����1

    t2 = 22����2

    t��  ��
2�����
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    t4 = 42����4

    #� #� #
    tn = n2����n

  ?� $GGLQJ�FROXPQZLVH��ZH�JHW
    t1���t2���t��������������tn� ���
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     = 2

1

� � �� ��
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k
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=
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−∑  = 

� �� �� �� � �� ���
6 2

nn n n+ + + −

([����  ,I�S1, S2�DQG�S3�DUH�WKH�VXPV�RI�WKH�¿UVW�n�QDWXUDO�QXPEHUV��WKHLU�VTXDUHV��WKHLU�FXEHV�UHVSHFWLYHO\��WKHQ�
VKRZ�WKDW��S2

2 = S3�������S1�

 6RO�   S1 = 
� ��

2
n n +

,  S2 = 
� �� �� ��

6
n n n+ +

,  S� = 
2 2� ��

4
n n +

  ?� � �S2
2 = { } { }2

2 2 21 1� � �� �� �� � � �� �� ��
� ��

n n n n n n+ + = + +

     = 2 2 2 2 21 1� �� �� � �� � �� �� � �� ��
4 4

n n n n n n n n+ + + = + + +

     = 2 21 1� �� �� � � ��
4 2

n n n n + + + =  
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2
n n+ +
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    �Kerala PET 2011�
 4.�6XP�RI�n�WHUPV�RI�WKH�VHULHV���������������������������LV
� ��a��n2���n2�±���� �b���n2����n2

 ��c��n���n�±���� � �d��n�����n����
      �WBJEE 2010�
� �� If Sn = 1�����������������n���DQG���Tn� ���������������������n��WKHQ
� ��a��Sn = Tn

2� �b��Sn = Tn
�� �c��Sn

2 = Tn� �d��S3
2 = Tn

�EAMCET 2007�

ANSWERS
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    = 2

1 1
� �� �� �� �� � ��

= =
+ + = + +∑ ∑

n n

k k
k k k k

    = 2

1 1
� �

n n

k k
k k n

= =
+ +∑ ∑



Ch 1-48 IIT FOUNDATION MATHEMATICS CLASS – X

    = 
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�� �� �� � � � ��
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 4. Let Sn = 1�������������������������XSWR�n terms
  nWK�WHUP�RI�WKH�VHULHV� ���n�±����

  ? Sn = � � �

1 1
�� �� >� � �� � @
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  ������n�±����î����� ��n2������n
  �� ��n2������n�±����n������� ��
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� � � � � � � �+ + + +=
+ + + + + +

a b c a b c
ab b ac bc ab b b bc

    = 
� � � � �
� � � b

+ + =
+ +

2a b c
b a b c

 10.�/HW�WKH�¿UVW�WHUP�RI�WKH�*�3��EH�a�DQG�FRPPRQ�UDWLR�r�

� �*LYHQ� S = 
1

1 1
⇒ =

− −
a S

r r

  � 1 – r = 
1 11⇒ = −r
S S

  Let Sn�EH�WKH�VXP�RI�¿UVW�n�WHUPV�RI�WKH�VHULHV��7KHQ�

   Sn = 
� �� �

1
−
−

nr
r

� �' | r _�����

    = 

11 1 1

11 1

  − −    
  − −    

n

S

S

 = �11 1
n

S
S

   − −   
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 11. H�EHLQJ�WKH�KDUPRQLF�PHDQ�EHWZHHQ�P�DQG�Q�

   H = 
2

+
PQ

P Q

  ? +H H
P Q

 = 
� � � � �++ = =
+ + +

2Q P P Q
P Q P Q P Q

.

 12. a, b, c�DUH�LQ�*�3� � b2 = ac

  � 
1 1

ORJ �� ORJ ��
+

a c
� �ORJ���a���ORJ���c� �ORJ����ac�

� �� � �ORJ���b
2� ���ORJ���b = 

2
ORJ ��b

  � 
1 1 1, ,

ORJ �� ORJ �� ORJ ��a b c
�DUH�LQ�$�3�

  �� ORJa ����ORJb ����ORJc ���DUH�LQ�+�3�
 13. Let D, E��EH�WKH�URRWV�RI�WKH�HTXDWLRQ�ax2���bx���c� ����7KHQ

� �� 6XP�RI�URRWV� �α + β = − b
a
� ����i�

� �� 3URGXFW�RI�URRWV� �αβ = c
a
� ����ii�

� �*LYHQ�� D���E = 2 2
1 1+

α β

  � D���E = 
2 2 2

2 2 2 2
� � �α + β α + β − αβ=

α β α β

    −  
b
a

 = 

2

2

2 − −  
 
  

b c
a a

c
a

� �)URP��i��DQG��ii��

   − b
a

 = 

2

2 22

� � �

2

2
2− − −⇒ =

b c
bc b acaa

c a a
a

  � 
2

− bc
a

 = b2 – 2ac � – bc2 = ab2 – 2ac

  � 2a2c = ab2���bc2

  � ab2, a2c, bc2�DUH�LQ�$�3�
 14. Let d� EH� WKH� FRPPRQ� GLIIHUHQFH� RI� WKH� JLYHQ�$�3�� 

a1, a2��������a���
� �7KHQ��JLYHQ�� a1�  ����DQG�a�� = a1����d� ��

  �� �����d�  ��� � 
1
�

=d

  � a4 = a1����d� �������î�
1 1 72
� � �

= = ������������i�

� �1RZ��h1, h2���������h���DUH�LQ�+�3�

  � 
� � ��

1 1 1� � ���� �
h h h

�DUH�LQ�$�3�

  Let d1�EH�WKH�FRPPRQ�GLIIHUHQFH�RI�WKLV�$�3�

� �*LYHQ���h1 = 2 �� )LUVW�WHUP�RI�WKH�$�3� �
1

1 1
2

=
h

� �$OVR�� h��� ��� � 1
�� �

1 1 �= + d
h h

  � 
1
�

 = 1 1
1 1 1 1� �
� � � �

+ ⇒ = − = −d d

  � d1 = 
1
��

−

  ? 
7

1
h

 = 1
1

1 1 1 1 1 76 6 –
� �� � � ��

+ = + × − = =d
h

  � h7 = 
18
7
� ����ii�

  ?� )URP��i��DQG��ii�� 4 7
7 18
� �

= × = 6.a h

���� a, b, c�DUH�LQ�+�3�

  � 
1 1 1, ,
a b c

�DUH�LQ�$�3

  � , ,+ + + + + +a b c a b c a b c
a b c

�DUH�LQ�$�3

�0XOWLSO\LQJ�HDFK�WHUP�E\��a���b���c��

  � 1 , 1 , 1+ + ++ + +b c a c a b
a b c

�DUH�LQ�$�3

  � , ,+ + +b c a c a b
a b c

�DUH�LQ�$�3�

� �6XEWUDFWLQJ���IURP�HDFK�WHUP�

  � , ,
+ + +
a b c

b c a c a b
�DUH�LQ�+�3�

 16. Let Sf� ������x����x2����x����������f� ����i�
  Sf��LV�DQ�LQ¿QLWH�$�*�3��ZLWK�$�3���������������������f
� �DQG��*�3��������x���x2���x���������f
� �7KH�FRPPRQ�UDWLR�RI�WKH�$�*�3��LV�x
  ? x Sf = x����x2����x2��������f� ����iii�
� �(T��i��±�(T��ii�
  �� ���±�x��Sf�  �����x���x

2���x���������f

  �� � ���±�x��Sf = 
1

1 − x
 

1∞
 = − 
' aS

r

  �  Sf = 2
2

1 �� �
�� �

−= −
−

x
x

  ?� 6TXDUH�URRW�RI�Sf =����±�x�–1.

����  Sn = 
2 11 1 1� � � � � ���� �

−     + + + + + + +          

n

n
n n n

  ? 
21 1 1� � � � ����     + = + + + +          nS

n n n

� �
11 1� �� � �

−   − + + +      

n n

n n
n n

1LV DQ $�*�3 ZLWK FRPPRQ UDWLR �  +    
' nS

n
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  � 
21 1 1� � � � � ����      − + = + + + + +            nS

n n n

 
11 11 1

−   + − +      

n n

n
n n

  � 

11 1 1
1 11

11 1

  + −      − = − +   + −  

n

n

n
nS n

n n
n

  � 
1 1 11 1 1

n n

nS n n
n n n

    − = + − − +        

  � 
1 n− = − ⇒ = 2 .n nS n S
n

����  Tn = 2n2����n ? Sn = 2

1 1
� �

= =
+∑ ∑

n n

k k
k k

    = 
� � ��� � �� �� �� �
6 2

+× × + + + × n nn n n

    = 
� �� �� �� �� � ��
� �

× + + + +n n n n n

    = 
� � � � � �� �� � ��
� � �
+ + +   + + = +      

n nn n n n

    = 
� � � � �n n n+ +1 4 1

6
���� nWK�WHUP��Tn��RI�WKH�JLYHQ�VHULHV
� � ���n�±�����n�����2� ���n�±�����n2����n�����
  = 2n� – n2����n2 – 2n����n – 1 = 2n�����n2 – 1

  ? Sn = � �

1 1
� �

= =
+ −∑ ∑

n n

n k
k k n

   = 
2 2� �� �� � � �� �� ��

4 6
+× + × × + + −n n n n n n

   = 2 2 21 > � � �� � � �� �� � @
2

n n n n n n n+ + + + + −

   = � � � � � �1 2 2 2 2
2

n n n n n n n n + + + + + + − 

   = � � �1 > � � @
2

+ + −n n n n  = �n n n n + + − 
3 24 4 1

2
 20.�/HW�WKH�VXP�RI�¿UVW�n�WHUPV�RI�WKH�$�3��Sn = cn2

  ? Sn – 1 = c �n�±���2 = c �n2 – 2n�����
  ? nWK�WHUP�RI�WKH�$�3�� �Sn – Sn – 1
    = cn2 – c �n2 – 2n������ �c���n��±���
  Let Sn

2�EH�WKH�VXP�RI�WKH�VTXDUHV�RI�WKHVH�n�WHUPV��7KHQ�

   Sn
2 = 2

1=
∑

n

k
k

t � ZKHUH�tk = c ��k�±���

    = 2 2 2 2 2 2

1 1
�� �� � � � �

= =

   − = − +   ∑ ∑
n n

k k
c k c k c k c

    = 2 2 2 2

1 1
4 4

n n

k k
c k c k c n

= =
− +∑ ∑

    = 2 2 2� �� �� �� � ��4 4
6 2

+ + +× − × +n n n n nc c c n

    = [ ]
2

� � �� �� �� ± �� � �� �
6

+ + + +c n n n n

    = 
2

28 12 4 – 12 12 6
6

c n n n n + + − + 

    = 
2

2>� �@
6

−c n n  = 
� � �n n c−2 24 1
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 1. If A = 
4 3
2 5

 
 
 

��¿QG�x and y such that A2 – xA + y I = 0

  (a) x = 9, y = –14  (b) x = 14, y = 9
  (c) x = 9, y = 14 (d) x = –9, y = 14
 2. If A and B are two square matrices of the same order such 

that AB = B and BA = A, then A2 + B2 is always equal to
  (a) I  (b) A + B  (c) 2 AB (d) 2 BA 

 3. If 
4 3

1 5 34 30
1 0 ,

3 4 1 42
7 6

a
b

 
− −     =    − −    − 

 then (a, b) is equal to

  (a) (1, 3)  (b) (–2, 4)  (c) (0, 6) (d) (2, –3) 

 4. If A = 
0 3 4 3
3 0 1 4

4 3 1 4 0

− − 
 − 
  

, then det. (A + AT) is equal to

   (a) 0  (b) 1  (c) 2 (d) 3
 5. If every element of a determinant of order 3 of value ' is 

multiplied by 5, then the value of the new determinant is
  (a) '  (b) 5 '  (c) 25 ' (d) 125 ' 

 6. If M = and
a l p p q r
b m q N a b c
c n r l m n

= , then

  (a) M c = N  (b) M = – N  (c) M = N 2 (d) M = N 3 

 7. If 

2

2

2

a ab ac

ab b bc

ac bc c

−

−

−
 = k a2 b2 c2, then k is equal to

  (a) –4  (b) 2  (c) 4 (d) 8

 8. The matrix 
1 4

3 0 1
1 1 2

λ − 
 − 
 − 

 is invertible if

  (a) O�z����  (b) O z –19  (c) O z –18 (d) O z –17 
 9.�7KH�HOHPHQW�LQ�WKH�¿UVW�URZ�DQG�WKLUG�FROXPQ�RI�WKH�LQYHUVH�

of the matrix 
1 2 3
0 1 2
0 0 1

− 
 
 
  

 is

  (a) –2  (b) 0  (c) 1 (d) 7 
 10. The system of linear equations 2x + 2y = 5, 5x + ky = 9 has 

a unique solution if
  (a) k z 5  (b) k = 0  (c) k z –1 (d) k z 2 
 11. The system of equations 3x + 4y = 2 and 6x + 8y = 4 has
  (a) No solution  (b) a unique solution
  (c) two distinct solutions (d��LQ¿QLWHO\�PDQ\�VROXWLRQV��
 12. The system of equations x + 3y = 5, 2x + 6y = 8 has
  (a) No solution     (b) a unique solution
  (c��LQ¿QLWHO\�PDQ\�VROXWLRQV��d) None of these

SELF ASSESSMENT SHEET

ANSWERS

 1. (c) 2. (b) 3. (c) 4. (a) 5. (d) 6. (a) 7. (c) 8. (d)  9. (d)  10. (a)
 11. (d) 12. (a)

HINTS AND SOLUTIONS

 1. A = 
4 3
2 5

 
 
 

 � A2 = A . A = 
4 3 4 3
2 5 2 5

   
   
   

      = 
16 6 12 15 22 27
8 10 6 25 18 31

+ +   =   + +   
  Given A2 – xA + yI = 0 � A2 – xA = –y I

  � 
22 27 4 3 1 0
18 31 2 5 0 1

x y
     − = −     
     

  ��
22 4 27 3 0
18 2 31 5 0

x x y
x x y

− − −   =   − − −   
  � 22 – 4x = –y, 27 – 3x = 0
  Now 27 – 3x = 0 � 3x = 27 � x = 9
  ? 22 – 4x = –y � 22 – 36 = –y
    � –y = –14 �� y = 14.
 2. We know that if AB = B and BA = A, then A and B are 

idempotent matrices, i.e, A2 = A and B2 = B.
    A2 + B2 = A + B

  Alternatively,
    A2 + B2 = A . A + B . B = A . (BA) + B . (AB)
    = (AB) A + (BA) B
      (Matrix multiplication is associative)
    = BA + AB ('�AB = B, BA = A)
    = A + B (' BA = A, AB = B)

 3. 
2 3 2 2

3 2

4 3
1 5 34 30

1 0
3 4 1 42

7 6

a
b × ×

×

 − −     =    − −    − 

  LHS = 
4 1 35 3 0 30
4 3 28 3 0 24

a a
b b

− + + − 
 + − + + 

 = 
4 34 3 30
4 25 3 24
a a
b b

+ − 
 − + 

  RHS = 
34 30

1 42
− 

 − 
.

  Equating corresponding elements we have

 
4 34 34 0 4 – 25 –1 4 24 6

and
3 – 30 – 30 0 3 24 42 3 18 6

a a b b b
a a b b b

+ = ⇒ = = ⇒ = ⇒ =
= ⇒ = + = ⇒ = ⇒ =

  ? a = 0, b = 6.
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