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Quadratic Equations

(KEY FACTS )

1. An equation in which the highest power of the variable is 2 is called a quadratic equation.
ax? + bx + ¢ = 0, where a, b, ¢ are constants is a general quadratic equation and a # 0, and a, b, ¢ € R.
2. Solving a Quadratic Equation : To find the roots of a quadratic equation is called solving a quadratic
equation.
(@) Method I : Factorising the quadratic equation into linear factors.
The quadratic expression ax? + bx + ¢ = 0 can be expressed as a product of two linear factors as the degree of
the algebraic expression here is 2.
Let ax? + bx + ¢ = (mx + n) (ex + f), where m # 0, e # 0.
Then, ax’> + bx+c=0= (mx + n) (ex + f)=0
= (mx+tn)=0or(ex +f)=0

n
=>xX=——0orx=—"—
m e

_n —_—
.. The two roots of ax? + bx + ¢ =0 are —and —
m

(b) Method 11 : Using the formula.

ax>*+bx+c=0 (a#0)
=ax*+bx=-c (Transposing the constant term)
b
=24 —x= —% (Dividing by the coefficient of x2)
a
. b b B ¢ . b\ .
= x°+ —x+4—2zm - Adding 54 On both the sides to make LHS a perfect square
a a

The formula
_|_i2_bz—4ac:> +i_i\/b274ac
= \*T24) T 4.2 T2 T 24 x_—bi\/b2—4ac

2a
_ b PP —dac _—b+b’—4ac
=X T 2 o 2a
—b+«/b2—4acand—b—\/b2—4ac

2a 2a
These two values are called the roots of the equation and are also called the zeros of the function defined by

f(x)=ax*+bx +c.

Hence, the roots of the equation ax? + bx + ¢ = 0 are
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3. Equations Reducible to Quadratic Equations

|TypeI:ax2”+bx”+c=0

In this type of an equation, we put x” = y. So, ax?" + bx" + ¢ = 0 reduces to ay*> + by + ¢ = 0.
Now solve for y and hence for x.
Example. Solve : 4 ** + 41-* = 10 for x.
Sol. 4! t¥+41-x=10 = 44 +414>7=10 = 4.4+ ix=10
=447 +4=10x4 = 44> -104+4=0. 4
Let 4* = y. Then, the given equation becomes 4> — 10y + 4 =0

1
=22 -5y+2=0 =>0-2)2y-1)=0 :>y:20r5.

1 1
=4 =204 =+ 5 = 2% =2l or 22x =21 =2x=1 or2x=—1=x= Eor—.

b
Type Il : az + —=c, where a, b, c are constants.
%

,2x2+x+2 [x2+3x+1
Example. 7, +2 —3=0, find x.
ple. I X2 +3x+1 2?2+ x+2 fi

2532 +x+2

¥ +3x+1

= P-3+2=0 = (-1 (rp-2)=0=yp=1or2

/22+ +2 232 +x+2

y=1= i—x=l :)g—le = 22+x+2=x24+3x+1
x“+3x+1 X~ +3x+1

= X-2%+1=0 = (x-12=0=>x=1.
2x% +x+2 2

y=2= );—xzz :M=4

x“+3x+1 x~+3x+1

=22 +x+2=4x2+12x+4 = 2x2+11x+2=0

—11£ 121 -4x2x2  —11+,/121-16  —-11£+/105
= 7 .

2x2 4 a

1
Sol. Let =y.Then,y+2x ——3=0
y

1 11+ /105
9 4 :

SoX=

Type 111 : Equations of type (x + a) (x + b) (x + ¢) (x + d) + k = 0, where the sum of two of the quantities a, b, c, d
is equal to the sum of the other two.

Example. x+ 1) (x+2) (x+3) (x+4)+1=0

Sol. [(x+1)(x+4)][(x+2)(x+3)]+1=0 (-1+4=2+3=5)
=@ +5x+4) > +5x +6)+1=0
Letx’>+5x=y.Then, (y +4) (y +6)+1=0
=y2+ 10y +24+1=0=p2+10y+25=0 = (y+57°=0=>y=-5

-5+./25-20 _54./5
S

L+ Sx=-5=x2+5x+5=0. = x= =
4. Important Properties of Inequalities

1. Aninequality will still hold after each side has been increased, diminished, multiplied or divided by the same
positive quantity.

2. In an inequality any term may be transposed from one side to the other if its sign is changed.

3. Both the sides of an inequality can be multiplied or divided by the same negative number by reversing the
sign of inequality.
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5. Nature of Roots. A quadratic equation ax?> + bx + ¢ = 0, a # 0, has two roots which by the quadratic formula

are as under :
—b ++/b* — 4ac d—b—«/b2—4ac

2a an 2a

The expression b? — 4ac is called the discriminant.
Examining the nature of the roots means to see what type of roots the equation has, that is, whether they are real

or imaginary, real or irrational, equal or unequal. The nature of the roots depends entirely on the value of the
discriminant D = b* — 4ac

Thus, if a, b, ¢ are rational, then
I. If D =b*—4ac > 0 (i.e, positive), the roots are real and unequal.
Also,
(a) If D=b*-4ac is a perfect square, the roots are rational.
(b) If D =b*—4ac is not a perfect square, the roots are irrational.

-b
(¢) If D=b*-4ac =0, the roots are equal, each being equal to 3a
a

So, ax* + bx + ¢ = 0 is a perfect square if D = 0.
II. If D = b* — 4ac < 0 (i.e., negative), the roots are imaginary (complex).
Example. Examine the nature of the roots of the equations:

(i) 2xX°+2x+3=0 (i) 2x*-7x+3=0
(iii) x*-5x-2=0 (iv) 4’ —4x+1=0.
Sol. (i) 2x*+2x+3=0 (Here,a=2,b=2,c=3)

w D=b—dac=(2P -4x2x3=4-24=-20<0
Hence, roots are imaginary.
(i) 2x*—~Tx+3=0 (Here,a=2,b=-17,¢c=3)
. D=>5b>—4ac=49 — 24 =25 > 0 and a perfect square
Hence, roots are real and rational.
(iii) x*—5x-2=0. (Here,a=1,b=-5,c=-2)
. D=b>—4ac=25+8=33>0and not a perfect square
Hence, roots are real and irrational.
(V) 4x> —4x+1=0 (Here,a=4,b=—-4,c=1)
. D=b>—-4ac=16-16=0.
Hence, roots are real and equal.
6. Sum and Product of Roots:

If the two roots of the quadratic equation ax? + bx + ¢ = 0 obtained by the quadratic formula be denoted by o and
[, then we have

—b+\/b2—4acB —b—+b% —4ac
@4 2a P

2a

—b ++/b* — dac +—b—w/b2—4ac _=2b_-b
2a 2a 2a

a

.. Sum ofroots=a +  =—

_b++Jb? — 4dac x[b“/bz““c}

Product of roots = af = 2a 2a

_ (D)’ - (b2 -4ac)’ B (b —4ac) _4ac _c¢

4q” 4q? 4q2 @’
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— Coeff. of x Constant term
——  ; Product of roots = —————

Coeff. of x* ’ Coeff. of x?
Thus, if o, B be the roots of the equation 6x*> — 5x + 7 = 0, then a. + B = — (- 5/6) = 5/6, ap = 7/6.
7. Values of the Symmetric Functions of the Roots
If o, B be the roots of a given quadratic equation and we wish to find the value of a symmetric function of a and 3,
we can do so by proceeding as follows :
Method:
Step 1. Write the values of o + B and o3 from the given equation.

Thus, Sum of roots =

Step 1. Express the given function in terms of o. + 3 and of3.
Step 111. Substitute the values of o + B and a3 from step 1.

Caution:Do not find the values of a and p separately.

The following algebraic relations can be very useful :
1. o?+p2=(a+B)>-20B
2. (a—B)*=(a+p)—4ap
3. a2 B =(a+P) (@~ B) = (a+ ) V(o +P)* 408
4. o’ + B = (a+B) (o’ —ap + ) = (a + B) [(oe + B)* - 3ap] = (o + )’ — 30 (o + B)
5. o =B = (o= P) (@ +op +p*) = (e~ P) [(o0—B)* + 30p] = (@~ P)* + 3af (.~ P)
6. ot —B*= (o + p?)? — 2a’B* = [(a + B)* — 20B]" — 2(aB)®
7.t Bt= (a2 =) (02 + B) = (o~ B) (o + B) (@2 + B) = (e + B)’ 4B o+ ) (e + B)° ~ 2ap]

8. Formation of Equations with given Roots :

Suppose we have to form the equation whose roots are o and 8. Then, as x = o, x = 3 are the roots of the equation,
so(x—a)=0and (x-PB)=0
Lx—a)(x-B)=0
=>x>—(a+B)x+ap=0
= x? — (Sum of roots) x + Product of roots = 0.
Thus, the equation whose roots are 5and 7is x> — (5 +7)x +5x7=0 = x>—12x+35=0.
9. To find the condition when a relation between the two roots is given
Step L. Let one root be a. Write the other root using the given relation.
Step 1. Write the sum and product of the roots.
Step LI1. Eliminate a _from the two relations obtained in Step II.
Ex. Find the condition that one root of ax* + bx + ¢ = 0 may be four times the other.
Sol. Let the roots be a and 4a.. Then,

| &

o+4do =S50 =—

(0

a.do=4a>=

Q[0 g

....(ii)

From (i) a=- b
Sa

2 2
—%) === 245b ;=== 4b*=25ac.
a
10. Special Roots: For a quadratic equation ax?> + bx + ¢=0,a#0,a,b,c € R

whose roots are o and 3.

". From (ii) 4. (
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(a) Reciprocal roots

1
IfOL:B, thenaB=1:>aB=£:1:> c=a
a

Thus the roots of a quadratic equation will be reciprocal of each other if coefficient of x> = constant term.

(b) Zero roots
Case I : When one root is zero, say o = 0.

Then,a[3=0:>£=0,=> c=0asa=#0
a

Case II : When both roots are zero,i.e, a=0,3=0
Then,a +B=0and af =0

= fganndﬁzo = b=0andc=0asa=#0.
a

(¢) Infinite roots
Let a, B be the roots of ax?> + bx + ¢ =0 (i)

. I 1.
Then, the equation whose roots are —, — is cx>+bx+a=0 ...(ii)
o

1
Now if one root of (if) is zero then a = 0 = the corresponding root of (i) is 0 = o0,

If both the roots of (ii) are zero, then @ = 0, b = 0 = both the corresponding roots of (i) are infinitely large.
Thus, For one root to be infinite, a =0 ;
For both roots to be infinite, a =0, 5 =0
11. Signs of the Roots

c

b
(a) Positive roots : Both the roots will be positive if o + f and aff are both positive, i.e, — — and 4 are
a

positive. It will be so when b and a are of opposite signs and ¢ and « are of the same sign.

(b) Negative roots : Both the roots will be negative if a + f3 is negative and af3 is positive, i.e., — -, 1s negative

c . .. .
and — is positive, i.e., when a, b and c all have the same sign.
a
(¢) Roots of opposite signs. It will occur when af} is negative, i.e., ¢ and a are of opposite signs.

b
(d) Roots equal in magnitude but opposite in sign. It will occur ifa + 3 =0, i.e., — =0,ie. b=0.
a

For real solutions the signs of ¢ and a should be opposite.

12. Common Roots
1. To find the condition that two quadratic equations may have one common root.
Let the two quadratic equations be ax? + bx + ¢ =0, a, x> + b x + ¢, =0 and let o be their common root. Then,
ao’+bo+c=0 (i)
a0’ +bo+c =0 ..(ii)
o’ o 1

Solving them by the rule of cross-multiplication, we have, =
bcy —cb  cay—acy ab —ab

bey —cby cay —ca

2 o=
ab, —a,b ab, —a)b

o=

bey —cby  (ca; — ac,)?

= (bc, —cby) (aby — ayb) = (ca, — ac,)*
ab —ab  (ab - ab)* e e b
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13.

14.

15.

2. To find the condition that the two quadratic equations may have both the roots common.
Let the common roots of the equations ax? + bx + ¢ =0 and a x> + b,x + ¢, = 0 be o and f. Then,

. b c
From first equation, oo + B = — —, af =—
a a
: by G
From second equation, oo + B = — —, 0y = —
4 4
b b, c aq a_b ¢
So,- —=——and—=+—=>—=—=—.
a a a aq a b ¢

Transformed Equations
If /(x) = ax? + bx + ¢ = 0 is a quadratic equation, then the equation whose roots are the :

X X
(b) Roots of f(x) =0, each increased by a constant k is f(x — k) =0, i.e., a(x — k) + b(x — k) + ¢ = 0.
(¢) Roots of f(x) =0, each decreased by a constant k is f(x + k) =0, i.e., a(x + k)* + b(x + k) + ¢ = 0.
(d) Roots of f(x) = 0 with signs changed is /(- x) = 0, i.e. a(-—x)*> + b(—x) + ¢ =0 = ax* —bx + ¢ = 0.

. o 1Y) . a b _ ) _
(a) Reciprocals of the roots of f(x) =0is f < =0ie, 5+—+c=0=>ex*+bx+a=0.

2
(e) Roots of f{x) = 0 with each multiplied by k£ # 0 is f(%) =0 i.e.a(%) +b(%)+ c=0ie., ax* + kbx
+Kc=0

Relation between the roots of a cubic equation and its coefficients.
Let the cubic equation be x* + §\x? + S,x + §,= 0, where S|, S, S, are the coefficients.
Let a, B, y be the roots of the given cubic equation. Then,

S,=—(@+p+y), S,=(@p+py+y0), S;=-(opy)
Conversely, if the roots of a cubic equation are given as o, 3, v, then its equation can be written as :

X — Sx?+8x-8,=0, where

S, = (@+B+7),S,=(ap + Py +yo) and S, = afy.
Relation between the roots of a bi-quadratic equation (degree 4) and its coefficients.
A bi-quadratic equation, whose roots are a, 3, y and 0§ is

)C“—S1 x? +S2x2—S2x+S4= 0

where S;=a+B+y+38, S,=af+ay+ad+Py+pd+y0, S;=apy+aBs+oayd+pys,, S,=apyd.

SOLVED EXAMPLES

Ex. 1. What are the roots of the equation (a +b +x) ' =al+b 1 +x1? (CDS 2007)
) 1 I 1 1 1 I 1 1
Sol. Given, ———=—+—+—=> —— ——=—+—
a+b+x a b x a+b+x x a b
x_(atbtx) _a+h —(a+h) _a+b = —ab=x*+(a+b)x
x(a+b+x) ab x(a+b+x) ab

2
Ex. 2. What is one of the roots of the equation A :
3-x 2x 2

Sol. Given equation is

= xX*+(@+bx+ab=0 = (x+a)(x+b)=0= x=-—a,—b.

() 1 ()2 ©3 () 4 (CDS 2008)

2x B /3fx _g
3—x 2x 2
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Ex. 3.
Sol.

Ex. 4.

Sol.

Ex. 5.

Sol.

Ex. 6.

Sol.

. . 1
= a. Then, the given equation reduces to a — —=
-Xx a

= 2(a*-1)=3a = 2a*-3a-2=0 = 2d*-4a+a-2=0
= 2a(@-2)+1(@-2)=0 = Qa+1)(@a—2)=0

1
= a-2=0 = a=20r(2a+1)=0 = aZ—E

Let

N | W

or
2 2 1 2 1
T 22 = =433 R g
3—x 3—x 2 3—-x 4
1
= 6x=12 = x=2 =8 =3-x :>9x=3:>x=§.
Hence, according to the given options, (b) is correct.
If 3¥ + 27 (3™) = 12, then what is the value of x ? (CDS 2009)
Given, 3*+27 (3™) =12

27
Let3*=y. Then,y + —=12 = 1212y +27=0
Y

=1?-9-3y+27=0 = (»-3)(p-9=0 = y=3,9
=3*=30r3*=9 = x=1lor2.

What is the ratio of sum of squares of roots to the product of the roots of the equation 7x* + 12x + 18 = 0?

(CDS 2009)
Let o, B be the roots of the equation 7x? + 12x + 18 = 0.
b
[For a quadratic equation ax? + bx + ¢ = 0, sum of roots = — —, product of roots = + E}
a a
12 18
Lot+tp=——andof=—
atp=-andap=5
2
—-12 ) 144
= (a+BP=|—| 20" +Bf +208=—
@ =[5 ] =0t e 200
L o2 4prol44 36 108
49 7 49
-108
6
-, Required ratio = o2 + B2 : af = —20—=— 2 =_6: 7.
equired ratio = o~ + 3 : oy 18/7 2

What is the value of a for which the equation 2x? + 2\/3 x + a =0 has equal roots ? (Kerala PET 2010)

The equation 2x? + 26x +a =0 has equal roots if the discriminant D = 0.

- Here, D= (24/6)” —4x(2)x(a)=0 [D = b? - 4ac for ax® + bx + ¢ = 0]
=24-8a=0=>a=3.

Of the following quadratic equations, which is the one whose roots are 2 and — 15 ?

(@) x*-2x+15=0 B)x*+15x-2=0 ©x*+13x-30=0 (d)x*-30=0. (MAT)
Sum of roots = 2 + (— 15) =— 13; Product of roots = 2 x (— 15) = — 30.

.. Required equation is x> — (sum of roots) x + product of roots = 0
= Reqd. equation = x* - 13x - 30 =0.
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Ex. 7. If one of the roots of the equation x*> + ax + 3 = 0 is 3 and one of the roots of the equation x> + ax+ b5 =10
is three times the other root, then what is the value of b ? (J&K CET 2005)
Sol. Let 3 and o be the roots of the equation x*> + ax +3 =0
Then, sum of roots =3 +a=—a ...(i), Product of roots =3a.=3 ...(ii)
From (ii) oo =1. .. Substituting oo = 1 in (i), we get a =— 4.
.. The second equation x> + ax + b = 0 becomes x> — 4x + b = 0.
Let B and 33 be the roots of this equation. Then, sum of roots =B +3f =4 =>4=4=p=1
and Product of roots =B x3B=b=3B>*=b=5b=3.
Ex. 8. If a, B be the two roots of the equation x*> + x + 1 = 0, then the equation whose roots are o/f and p/o is ?
(@ x*-x-1=0 Bb)x2-x+1=0 @©x*+x-1=0 @x*+x+1=0
(UPSEE 2005)
Sol. Let a., B be the roots of the equations x> + x + 1 = 0. Then,
Sum of roots = a + f =— 1, Product of roots = a.f = 1

. o .
Now the equation whose roots are E and E 1S

o
)C2— [E+ij+[gxﬁj =0.
p o p o

g+E_oc2+[32 _ (0c+[3)2—20c[3_(—1)2—2(1)__1
B o of of - 1 -

.. Required equation =x*+x+1=0.

and

><E=1.
o

=R

Ex. 9. If the difference in the roots of the equation x> — px + ¢ = 0 is unity, then which one of the following is
correct ?
(@) p>+4q=1 ®)p*-4q=1 (@p*+4q=-1 d)p*-4q=-1.
(CDS 2005)
Sol. Given, x> —px+¢g=0
Let a, B be the roots of the given equation. Then,
0P = —(lp) =p ., op=T=q .G
Also, a— B =1 (given) ...(iii)
, p+1
- From (i) and (iii), 20=p+ 1 = a = -
r-1
2

+1 -1
Substituting these values of o and [ in (i), we have (pT](p_)z q

.. From (i) and (iii), 2B=p -1 = B =

2
2

4

L s ) =4 prodg=1.

Ex. 10. If the roots of the equation x*> + x + 1 =0 are in the ratio of m : n, then which one of the following relation
holds ?

@m+n+1=0 b Z+Zr1=0 (© \m ++n +1=0 (d)\/z+\/z+1:0.
n m n m

(CDS 2005)
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Sol. X2+ x+1=

Ex. 11.

Sol.

Ex. 12.

Sol.

Ex. 13.
Sol.

0
1+ J1-4  —1+3i N
.. Roots are = = L£3i (where =i =\/j1) Roots=—ac
2 2 2a
—1+\/§i
L, 1 ;
Given, 2 _m_ 131 _m
1-3i n  —1-3i =n
2

:>m+n:(71+\/§i)+(717\/§i): -2
m-n (-1+3i)—(1-3i) 23i

.2

(Applying componendo and dividendo)

N m+n -1 i i (v 2=—1)
= = =— ==
m—n 3i 3i 3
m+n ? i : m? +n*+2mn -1 (m2+n2+2mn)+(m2+n2—2mn) -1+3
= Rl T 2.2 T = 2, 2 2, 2 -
m-—n NE) m-+n° —2mn 3 (m” +n” +2mn)—(m” +n° —2mn) —1-3
2, .2 2, 2 2, .2
m"+p) 2 omtnn L omiET o m
2 (2mn) —4 2mn -2 mn n m

If the roots of the equation x> — 2ax + a*> + a— 3 = 0 are real and less than 3, then which one of the following
is correct ?

(@) a<2 (b)2<a<3 (¢©)3<a<4 (d)a>4 (CDS 2012)
If the roots of the equation x> — 2ax + a*> — a — 3 = 0 are real and less than 3, then D > 0 and f(3) > 0.
=4a’>—4a*+a-3)=>0and 3)>*-2a(3)+a*+a—-3>0

=a*-a*-a+320and9-6a+a*+a-3>0

=-a+3>0anda’>-5a+6>0 =>a-3<0and(a—2)(a—3)>0
—>a<3anda<2ora>3 = a<?2.

What are the number of solutions for real x, which satisfy the equation
2 log, log,x + log, , log, (2 V2x )=1?
2 log, log,x + log, , log, (2V2x)=1
= 2log, log,x —log, log, (2V2x)=1 (- log,, x=—log x)
= log, (log,x)* - log, (log, (2V2x)) = log,2

(log, x)* (log, x)° 2

og, —22"2  —og,2 = —=2"20 =2 = (log, x)* =2log, (2+/2x

& log, (2\/5)6) 82 log, (2\/Ex) (logz ) g ( )
3

= (log,x)*=21log, (2°x) = (log,x)* = 2[510g2x} =2[3/2 {log,2 + log,x}]

= (log,x)* =3+ 2 log,x = (logyx)*—2logyx—3=0

1
= (log,x—3) (log,x +1)=0 = log,x=3orlogx=—1 = x=23=80rx=2*1=5

1 1
But for x = E, log, log, [E) is undefined so x = 8 is the only possible value of x.

If a, B, y are the roots of the equation x> + ax? + bx + ¢ = 0, then what is a”! + g~ + y 1 is equal to ?

Given a, B, vy are the roots of the equation x> + ax? + bx + ¢ = 0. Then,
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Ex. 14.

Sol.

Ex. 15.

Sol.

s iB+ coefficient of x° 4 S BBy + coefficient of x b
=a =— =—a; =a oy = =
! ! coefficient of x° 2 ! ! coefficient of x°

— constant term
53 =afy= . T=-
coefficient of x

_PBy+roy+op S, b _ b

(1_1+B_1+'Y_1:l+l+l .
B vy ofy S, —c c

o

11
If a, P are the roots of the equation 9x2 + 6x + 1 = 0, then write the equation with roots P E .

6 2 1
As a, P are the roots of the equation 9x> + 6x +1 =0, . + = — §=—§,oc[3= 9

.. Required equation = x> — (Sum of roots)x + Product of roots = 0

ie.,x?— l+l x+l.l= , e, x?— p+o x+L=O
o B) af B ofp

-2/3
ie.,x*— (—jx+9=0, ie,x*+6x+9=0

1/9
Alternatively,

11
The equation whose roots [a, E] are the reciprocals of the roots (o, B) of the equation 9x> + 6x + 1 =0 can

. . 1. . .
be obtained by replacing x by — in the given equation.
X

2
1 1
.. Required equation is : 9(—) + 6(—j+ 1=0 = x2+6x+9=0.
X X
Find the values of k for which the equations x2 — kx — 21 = 0 and x2 — 3kx + 35 = 0 will have a common
root?

Let a be the common root of both the given equations. Then a satisfies both the equations. So,

o?—ko—21=0 ..(0)
a?-3ka+35=0 ..(id)
Solving equations (7) and (i7) simultaneously, we get
o’ o+ 1 ax+by+c=0;ax+byy+c, =0
35k —63k -21-35 -3k+k x oy {
, 98k 56 28 bic, —bye,  ca, —cya;  aib, —ayb,
= o= Tk—49and0c_?k_7

2
=B S 228X —xa,
k 49

PRACTICE SHEET

1. What are the roots of the equation log (x% — 6x +45)=2?

7

5 9 1
@9,-5  (1)-9,5  ()11,=5  (d)—11,5 @ 33 ®) 13 © 33 G

2. What is one of the values of x in the equation

|x == B @1,2 (b) 3, 4 ©2,3 @1,3
1-x x 6 (CDS 2010)

(CDS 2010) (CDS 2007)
3. What are the roots of the equation 4* —3.2¥*2+32=0?
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4.

10.

11.

12.

13.

What are the roots of the quadratic equation
A (+bh)x+1=07?
1 1 1 1

by ——.——

11
e @) ~—5.o5  (CDS2011)

. If the roots of the equation (c¢*> — ab)x> — 2(a® — bc)x +

(b* —ac) = 0 for a # 0 are real and equal, then the value of
@A+ +cAis:
(a) abc

()0

(b) 3abc
(d) None of these
(MAT 2003)

. If sin 6 and cos O are the roots of the equations

ax? — bx + ¢ = 0, then which of the following is correct?
(@) a>+b*+2ac=0 (b)a*>-b*+2ac=0
(c)a*>+b2+2ab=0 (d) a* — b*> —2ac = 0.

(CDS 2011)

. The roots of the quadratic equation x> — 23x-22=0

are:
(a) imaginary
(c) real, rational, unequal

(D) real, rational, equal
(d) real, irrational, unequal
(WBJEE 2010)

. Which one of the following is the equation whose roots

are respectively three times the roots of the equation
ax*> +bx+c=07?

(a) ax* +3bx+c=0
(¢) ax* —=3bx+9c=0

(b) ax* +3bx+9c=0
(d)ax* +bx+3c=0
(CDS 2007)

. If o, P are the roots of the quadratic equation

ax? + bx + ¢ = 0, then ap? + o*B + af} equals :
bc c(a—Db)
(@) —5 (d) 3
—a a

AMU 2000)
For what value of m the ratio of the roots of the equation
12x2—mx+5=0is3:27?

(@) SN10 (b) 1045

b)) 0 (¢) abc

© 252 (@155
(Rajasthan PET 2002)
If the roots of the equation ax?> + bx + ¢ = 0 are equal in

magnitude but opposite in sign, then which one of the
following is correct ?

(a)a=0 Bb)b=0
(c)c=0 db=0,c#0,a=0.
(CDS 2005)
If 2x* — 7xy + 3y*> = 0, then the value of x : y is
(a)3:2 (b)2:3
(¢)3:1and 1:2 d5:6
(MAT 2003)

If o and B are the roots of the quadratic equation
ax? + bx + ¢ = 0, such that p = a3, then
(a) (a3 b)1/4 + (aCB)l/4 +a=0

14.

15.

16.

17.

18.

19.

20.

21.

22.

(b) (613 C)I/4 + (ac3)l/4 +h=0
(C) (a3 b)1/4 + (ab3)1/4 +c=0
d) (B> )"+ (bc$) A +a=0 (Kerala PET 2003)

If the roots of the equation a(b — ¢) x> + b(c — a)x
+ c(a — b) =0 are equal, then a, b, c are in :

(a) AP (b) GP
(c) HP (d) None of these
If an integer P is chosen at random in the interval 0 <p < 5,
the probability that the roots of the equation x> + px
1
+ 24220 arereal is
4 2
@z @ @
a) - - ¢) = -
3 5 5 5

Two students 4 and B solve an equation of the form

x%+ px + g = 0. 4 starts with a wrong value of p and obtains

the roots as 2 and 6. B starts with a wrong value of ¢ and

gets the roots as 2 and —9. What are the correct roots of the

equations ?

(a)3and—4 (b)-3and—4 (¢c)-3and4 (d)3and4
(CDS 2012)

If o and P are the roots of the equation x> — 6x + 6 = 0, what
is o+ B3 + o + B>+ a + B equal to ?
(a) 150 (b) 138 (c) 128 (d) 124
(CDS 2011)
If o and B are the roots of the equation x> + px + ¢ = 0, then
—o! and —B! are the roots of which one of the following
equations ?
(@) g>—px+1=0 bYF+px+1=0
(d)x*—px+q=0
(CDS 2010)
The number of solution of log, (x — 1) =log, (x —3) is :
(@) 0 (b)5 (0)2 (d)3
(AMU 2007)

(x> +px—q=0

The equation es™* — ¢5i"¥ — 4 = ( has
(a) no real roots (b) exactly one real root

(c) exactly four real roots  (d) infinite number of real roots.

(AIEEE 2012)
1Y (1 Jx
If 5% = | [=| >1, then x satisfies :
5 5
(@) [0,49)  (b)(49,64] (c)[0,64)  (d)[49,64)
(DCE 2007)
1 1
The sum of the roots of the equation + =—1s
x+a x+b ¢
zero. What is the product of the roots of the equation ?
(a+b) (a+b)
- b
@-" )
2, 52 2, 52
+b +b
© -4 ; ) () (‘12—) (CDS 2010)
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23. For what value of & will the roots of the equation 32. The equation whose roots are the negatives of the roots of
o2 — 5x+ 6 = 0 be in the ratio 2 3 2 the equation x” +3x° + x3 — x>+ 7x +2=01s :
7 S 1,32 -
(@)0 ()1 (0)-1 (2 tyﬂiiiiXJﬂ?;?_i—g
(CDS 2010) ( “7 xs x3 *xz rTeT
24. The number of real solutions of the equation © x7 " 3x5 " x3 " x2 ~Tx*2=0
2|X‘2—5|X|+2=0is: (d)x +3x +x°+x +7X*2:0 (EAMCET2001)
(@) 0 (b) 4 33. Given that a, v are the roots of the equation Ax*> —4x+1=0
fth and B, 8 are the roots of the equation Bx>—6x + 1 = 0, then
()2 B (.d) None of these ) the values of 4 and B respectively such that a, 3, y and
25. If p, g, r are positive and are in A.P., the roots of quadratic are in H.P are :
equation px? + gx + r = 0 are real for : (@)-5.9 (5) 32, 5
(@) L | PN ) L _ 95483 (3,8 (d) None of these
p r 34. Let o, B be the roots of the equation (x —a) (x—b)=c, c# 0,
(c)all p and r (dynopandr then the roots of the equation (x — o) (x — ) + ¢ =0 are :
26. The values of x which satisfy the expression (@) a c (b) b, ¢ ©) a b (dya+cb+c
2 2 ’ ’ ’ ’
5+ 2x/g)A B 5- 2x/g)x 3210 are: 35. If the roots of the equation x> — ax? + bx — ¢ = 0 are three
consecutive integers, then what is the smallest possible value
@+2, 43 (b) 22,24 () 2,42 (d) 242,43 O & P
27. If o, B, y are the roots of the equation 2x> — 3x% + 6x + 1 1 p 1 0 L (c4
=0, then o + B2 + y2 is equal to @ 3 )~ © @ (€AD)
@ —715 ) —79 © ? (d)4 36. If two equations x2 + a> = 1 — 2ax and x? + b2 =1 — 2bx have
only one common root, then
(KCET 2005) | a1
28. If a, B, y are the roots of the equation x> + 4x + 1 = 0, then (@) (a-b)=- (B)|a = bl =
(0t Byl 4 (B+p + (1 + ) is oqual fo (c)a-b=1 (d)la—b|=2  (DCE 2004)
v ! 1S equ 37. If a, B, v are the roots of the equation x> — 3x + 11 = 0, then
(@2 ()3 ()4 @5 the equation whose roots are (o + B), (B +7v), (y + ) is :
(UPSEE 2003) (@) +3x+11=0 (b) ¥ —3x+11=0

29. If the roots of x3 — 12x% + 12x — 28 = 0 are in A.P, their

X . ()X +3x-11=0 d)x>-3x-11=0
common difference is

38. If a, P are the roots of ax> + bx + ¢ =0, and o. + k, B + k are

(@)+3 (b)+2 the roots of px> + gx +r =0, then k=
(c)x1 (d) None of these 1
(Rajasthan PET 2001) (@) —E(a/b - plq) (b) (a/b—-p/q)
30. The quadratic equation whose roots are three times the roots
of 3ax? + 3bx + ¢ = 0is (©) ~(bla ~ gIp) (d) (ab - pa)
(@) ax® +bx +3c=0 () ax> +3bx+c=0 2
(@ax®+3bx+3c=0  (d)9ax?+9bx+c=0. 39. Find the value of \/6+~/6+1/6+....oo
o JOPBIEE20D) 4 w2 ©3 (@6
31. If o and B are the roots of the equation ax” + bx + ¢ = 0 and

40. Therootsof (x —a) (x —a— 1)+t (x—a-1)(x—a-2)

if px? + gx + r= 0 has roots lfaandlf , then r equals: +(x—a)(x—a—2)=0, a € R are always :
(a) imaginary (b) real and distinct
(a) abe ®)a+2b (Jatbtc (dabtbctca (¢) equal (d) rational and equal

1. (c) 2. (0 3. () 4. (a) 5. (b) 6. (b) 7. (c) 8. (b) 9. (d)  10. (a)
.  12. ¢  13.(b) 14. (¢) 15. (@  16. ()  17.(b)  18. (@  19. (b))  20.(a)
2. (@) 22. () 23.(b) 24. (b) 25. () 26.(c) 27.(a) 28.(c)  29.(a)  30.(c)
31.(c) 32. @  33.() 34. (¢) 35. () 36.(d) 37.(d)  38.(c) 39.(c)  40.(b)
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HINTS AND SOLUTIONS

= 4[a* + b*c* - 2a*bc — *b* + ac + ab® — a*bc) = 0

1. Given, log,, (x» = 6x+45) =2 = x>— 6x + 45 =102 = 100

=x2-6x-55=0 = x2—1lx+5x—-55=0
=x(x-11) +5x-11)=0=>x+5) x—-11)=0
=x=-5orl1l.

. Let

= y. Then, the given equation reduces to
—Xx

1 13
y+—="—=60*+1)=13y
y 6

=67 13y+6=0=6>-9y -4y +6=0
=3y2y-3)-22y-3)=0

2 .3
=@y -2 Q-3)=0 = y=Jand

X 2 X

2 4
wheny = —, =—= =—
3 V1-x 3 1-x 9

4
=>x=4-4x=13x=4=>x=—

=d4a(@+b+c-3abc)=0
= @+ b+ 3 =3abc.

. As sin 0 and cos 0 are the roots of the equation

ax*—bx+c=0.

. . c
;. sin®+cos®= —andsin O cos 6 =—
a a

2
= (sin 0 + cos 0)* = —
a
2

= sin?0 + cos?0 + 2 sin 6 cos 0 = —

1+ 2¢ b2:>2c b?
- —_—— —_— — —
a a* a & a’

=2ac=b - =a*-b*+2ac=0.

. Given equation is x? — 2\3x-22=0.

Discriminant = D = b? — 4ac (for ax? + bx + ¢ = 0)

13 = (-243)? —4(-22) =12+ 88 =100
_ x 3 x 9 As D> 0 and is a perfect square, the roots are real, rational
wheny = —, === ==
2 \l-x 2 1-x 4 and unequal.

9 8. Let a, B be the roots of the equation ax? + bx + ¢ = 0. Then,
24x=9-9x=13x=9=x=—. b c

13 a+p=——,0f=—.
LA -32672432=0 a a

=2%-3222%+32=0 = 2%-122°+32=0
Let 2*=q. Then, a®> — 12a+32=0
=(@-8)(a—4)=0 = a=8and 4
=2=8and2*=4 = x=3andx=2.

. Let the roots of the equation a?b*x> — (a> + b*)x + 1 =0 be
o and B. Then,

By the given condition, roots of the required equation are
3a and 3.

3b
. Sum of roots =3+ 3B =3(a+pB)=— —
a

9
Product of roots = 3a. . 38 =903 = =
a

.. Required equation

2,32
a+p= a ;‘ 2b (i), of= 21 _ D) = x? — (sum of roots)x + (product of roots) = 0
a’b a’b -3b 9¢
=X - (—x)+—=0
o—PB=+(a+B) - 40P a a
- = ax*+3bx+9c=0.
_ a® +b? 4 9. Given, a, B are the roots of the equation ax? + bx + ¢ = 0.
- 22b2 22 Then, o+ B =-b/a, of = c/a
Then, a? + o2 +ap =oap (o + B) + af = (c/a) (-b/a) + c/a
4, 44 2,2 2,2
_ a’ +b"+2a°hb” —4a’h - b_c E_fbc+ac_c(a—b)
(a*b*)? T2 a2 2
(@ — b 2o d - B2 10. Given, the roots of the given equation 12x? —mx + 5= 0 are
= P ) ...(iif) in the ratio 3 : 2. Let the roots of the given equation be 3a.
(a”b%) ab and 2a.. Then,
m m
o - 1 1 Sum of roots = 30 + 200 = — = S0.=— ()
.. On solving (7) and (i), we get o0 = b—z, B= —5- 12 12
a

5. Given that the roots are real and equal,
D=0= b*>—4ac=0forax*+bx+c=0.

o [F2(a? = be)]? — 4(c? — ab) (b* —ac) =0

5 5
and (30)) Qo) = E=>60L2:E=>oc2:i

5
= o=,[—

> ..(ii)
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.. From (7) and (i7)
ER Sy E RPN Iy
7212 72 6[ 2

loﬁ 5.10.

11. Given equation is ax’ + bx + ¢ = 0.

-bx \lbz —4dac

.. Roots are x =
2a
—b++b? —4 —b—\b* —4
Given il ac
2a 2a

— b+ +lb® —4dac = b+ b* — dac

=2b=0=b=0.buta#0,c#0.
12. 232 = 7xy +3y2 =0

2
=2/ 2| —7[ 2 |+3=0
Y Y
x ~bt\b’ —4ac T+ 49-24 745 .

1
Ty 2a 4 4 )
Sox:y=3:1land1:2.

13. Let a., B be the roots of the equation ax* + bx + ¢ = 0. Then,

and

c
. From (if)and (jii), o.. () P= — = o == = a
a

o VA /3 NC
.. Putting these values of o and [ in eqn. (i), we have

3/4
(5) (el =-2
a

a
~aattra aBeh=_p
SR VS TE S 1758 VS Ay

= (ac3)l/4+ (613 c)1/4 +hH=0.

14. If the roots of the equation a(bh — c)x* + b(c — a)x + c(a — b)

= 0 are equal, then Discriminant (D) =0, i.e.,
= b?(c—a)*—4a(b—c) c(a—b)=0.

= b?(?+ a*—2ac) —4ac (ab—ca—b*+bc)=0

= b+ b2 a? —2ab%c — 4aPbc + 4aPc? + dab3c — 4abc? =

= a?b* + b 2 + 4aPc* + 2ab*c — 4aPbc — 4abc? =0
= (ab+ bc—2ac)*=0=ab+bc —2ac=0

1 1 2 .
=ab+ bc =2ac=> —+—=—=a,b, carein H.P.
c a

...(iii)

3/4
c (c

15.

16.

17.

18.

19.

1
The equation x> + px + §+ 52 0 has real roots if the

discriminant D > 0.

P
2p2—4(z+
-2p+tp-220=pp-2)+1(p-2)=0
=>@P-2)(p+t1)=20
=@E-2)20and(p+1)>0
=>p22orp<-1

%)20:}72—}7—220

The condition p < —1 is not admissible as 0 < p < 5.

Now p > 2 = p can take up the value 2 or 3 or 4 or 5 from
the given values. {0, 1, 2, 3, 4, 5}

.. Probability (Roots of given equation are real)

4 2

6 3

_ Number of values p can take

Given number of values

Let the roots of the quadratic equation x> + px + ¢ = 0 be
o and B. According to the given condition, 4 starts with a
wrong value of p and obtains the roots as 2 and 6. But this
time, the value of ¢ is correct.

q = Product of roots =aff =2 x 6=12.
According to the second condition, B starts with a wrong

value of ¢ and obtains the roots as 2 and —9. But this time,
the value of p is correct.

Sop=sumofroots=a+B=2+(-9)=-7 (D)
S(a—BP=(a+B)P—4ap=(-7)2-412=49-48=1
Sa-pB=1 ...(ii)
.. Solving equations (7) and (ii), we geta =—3 and p =—4.
a+pB=6,0p=06

(a4 PP =62=a?+p*+2ap =36
= o2+ B2=36-2x6=24
Now, o + B3+ o2+ B2+ a+ B
= (o +B) (o + B2 —ap) + (o + ) + (o + B)
—6(24—6)+24+6=6x 18 +30 = 138.
Since, o and P are the roots of the equation x? + px + ¢ =0,
SLo+B=—-pandaf=gq
Now, equation whose roots are —o.”' and —B~! is

x% — (sum of the roots) x + product of the roots = 0
ie, ¥*—(a'l=-Bx+(a)(PH=0

Qoo (L 1) (a+B_p
T

and (o) ()= o=
of ¢
. . p_ 1
.. Required equation =x> - —x + —=0
q q
=gl-px+1=0.
log, (x— 1) =log, (x—3)
= log , (x =) =log, (x —3)
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20.

21.

22.

1
=~ log, (x - =log; (x - 3)

[Using logm,, ()= %logm x}
= log, (x—1) =2 log, (x - 3)
= log, (x— 1) =log, (x - 3)*
=S>x-D=@-3P?’=>x-1)=x>*-6x+9
=>x-Tx+10=0=>x-2)(x-5)=0=>x=2o0r5.
x=2is inadmissible as log, (x - 3) is not defined when x =2.
Sox=5.
Given, eSi"¥ — g sinx _4 =

Let 5" ¥ = y. Then, the given equation becomes

1
y——=4=y" —4y-1=0

y
+
—4“'16”:21\6

2
= eSi“"ZZi\/g:sinx:bge(Zi\/g)
= sinx=log, (2+\/g)
(- (2 —\/§)<0 and so log, (2 —\/g) is not defined)

Now (2++/5)>4=log, 2++/5)>1
But the value of sin x lies between —1 and 1, both values

= y =

inclusive, so sin x # log, (2 + J5)

.. There are no possible real roots of the given equation.
“()
5 5
= x5 x5V 5] o 5L 50
= 56-x-x>0 = x+Jx-56<0
=12 +y-56<0, where y = Vx
S@+8)(y-7)<0 = 8<y<7 = -8<~x<7
= 0< +x<7as+/x cannot be negative

=0<x<49=x€[0,49)

1 1
+ =—
x+b ¢

Given,
x+a

2x+b+a

(x+b)+(x+a) 1 B
x2+(a+b)x+ab

x+a)y(x+b) ¢

1
c

=2cx+(a+bec=x*+(a+bx+ab
=x*+(@+b-2c)x+ab—ac—bc=0

Let a, B be the roots of this equation. Then,
a+pB=—(a+b—-2c)=0(Given)
=a+b=2candaf =ab—ac—bc=ab—(a + b)c

ab—(a+b)@

2ab—(a* +b* +2ab)  (a*+b*
2 2

23.

24.

25.

26.

Let the roots of the equation kx> — 5x + 6 = 0 be o and B.
Then, o+ =5/k ..(0)
of = 6/k ...(ii)

. 2 2
Given o/p = §:>0€=§B

.. From (7) and (i7),

2 5 2., 6
“B+B== d_ —
PrP=md IP =y
9

5 2
=—and =—
B an B f—

3,09
=—and " =—
= B=andh =7

W |

= %:%:9/(2 —9% =0=k(k-1)=0 = k=0or 1
But £ = 0 does not satisfy the condition, so k = 1.
2/xP=5|x|+2=0

= @2|x|- 1) (x| -2)=0

, X2

1 1
:>|x|25,2 Dx:iE

So, there are 4 solutions.

" p,q, rareinA.P.

p+r
9= [ p+r=2q]
For the real roots g> — 4pr > 0 [Disct. > 0]

2
=Sp>+r2—14pr=0

2
= EJ 14(£)+120
r r

L _4
r

2
= p+r] —4pr=0

>44/3.

2
N 3—7) >48 =
r

1
Lety =5+ 236, Then — =5 — 26 . Thus the given
y

¥2 3
2
expression reduces to ¥* ° + [—] =10
Y

2
Again let »" “3 =¢ Then,

t+l=102>t2—10t+1=0
t

,_10%100-4 1006

=
2 2
+
_loEae e
2
L (5+2v6) P =5+2J6 = (5+26)"!
=x2-3=1 or x2-3=-1
=x2=4 or x2=2
=>x=x2 or x=ix/§
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27. Given, o, B, y are the roots of the 2x3 — 3x> + 6x + 1 = 0.

=S8 =0+p+y=— (7)22

Since S Coefficient of x?
inceS,=— ——
! Coefficient of x°

5, - Coefficientof ¥ _ ¢ 8 Bytoy=

2= . 3 =3
Coefficient of x

SN Ne)

Coefficient of constant term
Coefficient of x>

Now, o + B2 + 92 = (o + B +7)* =2 (af + By + yo)

2
2 4

S:,

1
=5 =0‘BY=*E

4
28. Given, a., B, v are the roots of the equation x> + 4x + 1 = 0.
LS =atBty=0 (Coefficient of x* = 0)
S,=ap+ Py +tay=4
S;=apy=-1
R R (R Rl (AR
1 1 1
+ +
a+B B+y y+ao

= — +— + —
< o B
co+PB+y=0
=o+B=-vpty=-oy+a=-p

__[L+1+1}:{w}:_[i}:4_
o By ofy -1
29. Let (o — d), a, (o + d) be the three roots of the given cubic
equation x> — 12x? + 12x — 28 =0
LS =(a-d)tat(atd) =12
=>3a=12=a=4
and §; = (a—d) . o (o +d) =28
=@-d).4.@4+d)=28
=16-d*=7=d*=9=d=1+3.
30. Let o, B be the roots of the equation 3ax? + 3bx + ¢ = 0. We

have to find the equation whose roots are 3o and 33, which
can be got by putting y = 3x in the given equation, i.e.,

substituting x for % in the given equations.
2
.. The required equation is : 3a [%) +3b (%}r c=0

2
= %+by+c=0 = ay*+3by+3c=0

= ax’+3bx+3c=0.
31. As a, B are the roots of the equation ax? + bx + ¢ = 0, so

b
Q+B:—_,(X.B:£
a a

The equation whose roots are

written as :

) (L:z+l;EJ4(L;SI;EJ_O
e T ) e T )

1—oc+l—[3=B—ocB+oc—oc[3=oc+B—20c[3=oc+Bi

2
TR op o op
:—b/a_zz_é_zz_b—Zc
cla c c
I-o 1-B ) I-a—B+af 1-(a+P)+of
and . = =
o B of of
of  op c c ¢
.. The required equation is
x2_{_(b+2c)}x+[a+b+c}:0
c c
=+ (b+2e)x+@+b+c)=0 (D)

Compairing eqn. (/) with the given equation px + gx +r =0,
wegetr=a+b+ec

32. To find the equation whose roots are the negatives of the
roots of the given equation, we replace x by (—x) in the given
equation.
.. Required equation is
(=) +3(=x) + (%) = (x> + 7(=x) +2=0
ie, xT =3 -x3—x2—Tx+2=0
je, X' +3x°+x3+x2+7x-2=0.

33. As, a., y are the roots of the equation Ax> —4x + 1 =0, so

oa+y= = ..(0)
_ 1 .
and oy = y ...(ii)
Given, P, § are the roots of the equation Bx> — 6x + 1 = 0,
6
so B+o6= ) ...(iii)
and Bo = 3 (v)
Given, o, B, v, 0 are in H.P,, so
20y 2/4 1
P ary a2
286 2/B 1

""B+5 6B 3
Also B is the root of the equation Bx> — 6x + 1 = 0, so

1 1
BR*-6B+1=0=Bx Z—6><5 +1=0

= E72=0:>£=2:>B=8
4 4

Given, y is the root of the equation Ax?> — 4x + 1 =0, so

AP =4y +1=0
3A><l—4><l+1=0 = ﬁ—l=0:>A=3.
9 3 9 3

A, B =3, 8 respectively.
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34. The given equation is (x —a) (x —b)=c
=x*—(a+bx+(ab—c)=0
As a, B are the roots of this equation, so

o+PB=a+b and af=ab-c
Let v, 6 be the roots of the equation (x —a) (x —B) +c=0
i.e.,,d are the roots of the equation x*— (o, + B)x + (af +¢)=0
y+0=a+B=a+b (D)
yYw=af+c=ab-c+c=ab ...(i0)
.. From (7) and (if) we can infer that the roots of the equation
(x—a) (x—P)+c=0are aandb.

35. Let the roots of the equation x> — ax? + bx —c = 0 be
(a=1),0,(a+1)
SS=(-Data(a+)+(@+1)(a-1)=>b
>dl-a+tolt+at+tai-1=bh
=302-1=b
.. Minimum value of 5 =— 1, when a = 0.

36. The given equations are written as :

X2 +2ax+a*>-1=0 ()

X24+2bx+b2-1=0 (i)
If a is the common root of both the equations, o satisfies
both the equations, so,

a?+2a0+ (@2-1)=0 (7))

a?+2bo+ (B>~ 1)=0 (iv)
Solving equations (iif) and (iv) simultaneously

o _ o 1
2a(b* —1)=2b(a* —1) (a* -1)—(*-1) 2b-2a
o o 1
=2 2 RN
2ab” —2ba” +2(b—a) (a”-b") 2b-a)
- o _ o 1
2ab(b—a)+2(b—a) —(a+b)y(b—a) 2b-a)
o o 1

T 2b—ay(@h+1) —(a+b)(b-a) 20-a)

0 By the rule of cross-multiplication,
the solution of two simultaneous equations :

ax+by+c =0
ayx +by+c,=0is
X _ ¥y _ 1

by —byey  qa, —cap  ab, — azby

1. If the sum as well as the product of roots of a quadratic
equation is 9, then the equation is:
(@)x*+9x—-18=0 (h)x>—18x+9=0
©)x*+9%x+9=0 d)x>-9x+9=0.
5 | (CDS 2010)

X X
2. If one root of the equation— + 3 +— =0 is reciprocal of
a c

the other, then which of the following is correct ?

1
soaf=ab+1anda :—E(a-kb)

= (ab+1) :%(a+b)2

=a*+b*+2ab=4ab+4
= a?+bh-2ab=4 = (a-b)’=4=|a—-b/=2.
37. Given equation is x> —3x + 11 =0
If a, B, v are the roots of the given equation, then
S,=a+B+y=0
=S>B+y=-o,y+a=—p anda+pP=—y
.. The equation whose roots are (o + 3), (B +7y), (y + a) is
the equation whose roots are —y, —a., — 3.
.. We can obtain the required equations by replacing x by
(—x) in the given equation.
.. Required equation is (—x)* -3(-x) + 11 =0
ie,—x3+3x+11=0
ie,x3—3x—-11=0.
38. As a, B are the roots of the equation ax” + bx + ¢ =0, so
b c
at+pf=——, of=—
a a
Also, (a0 +x), (B + x) are the roots of the equation

px>+gx+r=0,thena +x+p+ x:—i

and (OL+x)([3+x)=L = o¢+[3+2x:—i
p p

a p 2

39, Letx= \/6+«l6+1/6+ ..... oo
=x=46+x

=>x=6+x=>x>-x-6=0

=>x-3)x+2)=0

=>x=3o0r-2

= x =3 as x =— 2 does not satisfy the given equation.
40. The equationis (x —a) (x—a-1)+ (x—a—-1)(x—a—2)

+(x—a)(x—a-2)=0.

Let (x — a) = y, then the equation becomes

YO-DF@-D)E-2)+y(p-2)=0

=) —y+y? =3y +2+3y?-2y=0

=32 -6y+2=0

.. Discriminant = D = b?> —4ac =36 —4 x 3 x 2

=36-24=12>0
.. Roots are real and distinct.

SELF ASSESSMENT SHEET

(@)a=> b)yb=c (c)ac=1 (da=c

(CDS 2012)

3. If one root of the equation ax?> + x —3 = 0 is —1, then what

is the other root ?
@3 B @ @
9y 2 )y
(CDS 2010)
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4. If the equation (a? + b%) x> — 2 (ac + bd)x + (c* + d*)= 0 has
equal roots, then which one of the following is correct ?
(a) ab=cd (b) ad = bc
() a>+ 2 =h>+d> (d) ac=bd (CDS 2010)

5. If a, B are the roots of the equation ax? + bx + ¢ = 0, then
what is the value of o + 33 ?

b +3abc . @’ - b 3abc — b* b® — 3abc
(a) > (b) 9) 3 3
a 3abc a a
(CDS 2008)

6. If the sum of the roots of the equation ax? + bx + ¢ = 0 is
equal to the sum of their squares, then which one of the
following is correct ?

(a) a> + b> = ¢? b)ya*+b:=a+b
(¢) 2ac = ab + b? (d)2c+b=0

7. One root of x? + kx — 8 = 0 is the square of the other, then
the value of k is :
(@)2 (b)8 (c)-8 (d) -2
(CAT 1995)

8. Let p and ¢ be the roots of the quadratic equation
x> — (o0 — 2)x — oo — 1 = 0. What is the minimum possible
value of p? + ¢*?

(@) 0 (b)3 (c)4 (@) 5
(CAT 2003)

9. If a, B, v are the roots of x> — 2x2 + 3x — 4 = 0, then the value
of o2 B>+ P22 +y2 o is:
(a) -7 (b)-5 (©)-3 @0

(EAMCET 2007)

10. If o, B are the roots of the equations x> + 4x + 3 = 0, then
the equation whose roots are 2o + 3 and o + 23 is

(@)x*—12x-33=0 ) x> —12x+35=0
() x*+12x-33=0 (d) x>+ 12x +35=0.
(J&K CET 2009)

11. The equation whose roots are twice the roots of the equation
x> -3x+3=0is
(@)x*-3x+6=0 b)x>—4x+8=0
()x*—6x+12=0 d)x>*-8x+6=0

12. If x> + mx + n =0 and x> + px + ¢ = 0 have a common root,
then the common root is

— q—n

(a) 1" (b)
m—p m+ p

(¢) q+n (d) None of these
m+p

1. (d) 2. d)
1. (¢) 12 (a)

3. (¢) 4. (b) 5. (o)

6. (c) 7. (d) 8. (d) 9. (@  10. (@)

HINTS AND SOLUTIONS

1. Equation : x> — (Sum of roots)x + Product of roots = 0
=>x2-9x+9=0. .

. ) 1
2. The equation can be written as —x*+ Zx +—=0.
a c
i.e., bex? +acx +ab = 0.

Let a, 1/a be the roots of the given equation, then
duct of roots = o x ~-=92 = 2
roduct of roots = o X —=— —=
P o be bc

3. Let the other root of the equation ax?> + x — 3 = 0 be a.

l =>a=c.

As (—1) is aroot of the given equation, it satisfies the given
equation, i.e.,a (1> +(-1)-3=0=a-1-3=0=a=4.
.. The equation becomes 4x> + x —3 = 0.

Now, product of roots = a x (-1) = =

Soo= .

4
4. Equal roots = Discriminant = 0
= 4(ac + bd)? — 4 + b?) (2 +d?) =0
= [ﬂ%+])24[+2acbd]—[/;:2 +b%* +a%d? +%2/d2]:0
= —[b*c? + a?d? — 2acbd] = 0
= (bc — ad)* =0 = bc = ad.

5.a+pB=-b/,af =c/a.
o’ + B = (o0 + B) (@ + 7~ ap)
= (o +P) {(a + B)* —20B — ap}
= (o +B) [(o0+ B)* — 30p]
b |V 3
o a a2 a
_ b 3be _ 3abe b’
@ dt a’
6. Let a., B be the roots of the equation ax? + bx + ¢ = 0. Then,
o+ B=-bla,aP=cua
Given, o + B = o + p?
ie,o+B=(a>+B)? —2ap

- c
b b 2
:>—:—2—_
a a a
2
ab b 2ac
> 5T 5 "3 = ab + b* =2ac.
a a a

7. Let o and o be the roots of the equation x? + kx — 8 = 0.
Then, product of roots = o . o> = — 8
?=-8 = a=-2
.. The root (-2) satisfies the given equation, i.e.,
(-2 +k.(-2)-8=0
4-2k-8=0 = 2k=4=k=-2.
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8. If p and ¢ are the roots of the equation
X2 — (o —2)x — (o +1)=0.
. Sum of roots =p + g=(a.—2)
Product of roots = pg=—a.— 1
SPP =+ 9P -2pg
=(a—27+2(a+1)
=o?+4-4do+20+2=(a+1)>+5
p* + ¢* will be minimum when o. = 0.
. Minimum value of p> + ¢*> = 5.
9. Given, a., B, y are the roots of x> — 2x? + 3x — 4 = 0. Then,
S, =a+pB+y=2
S,=ap+PBy+ya=3
S;=apy=4
Now, (af + By +yo)?
= o2B% + B2y? + y202 + 202y + 2By2a + 202By
= B+ By +ya + 2aBy (B +y + a)
= o + By2 + y?a? = (af + By +yo)* — 20By (a + B +7)
=32-2x4x2=9-16=-"17.
10. Given, o, Bare theroots of the quadratic equationsx?+4x+3=0,
= Sum ofroots=a. +p=—4 ..(0)
(7))
Given, 2o + B and o + 2f3 are the roots of the required
equation, so

Product of roots = a3 =3

Required equation is

11.

12.

=x2—2o+B+o+2B)x+ (200 +P) (o +2p) =0

Sum of roots Product of roots

Sum=2a+B+a+2B=3a+3f=3(aa+p)

—3x 4=_12
Product = 2o + B) (o0 + 2B) = 202 + Ba. + 4 af + 2>
=2(a® + B2 + 5aB
=2(a? + B* +2apB) + af

=2(a+BP+oap=2x16+3=35
.. Reqd. equation is x? — 12x + 35 = 0.
Let a, B be the roots of the given equation x?>— 3x + 3 = 0.
Given,a+pB=+3,0p=3
By the given condition, the roots of the required equation
are 2o and 23.
. Sum of roots =20+ 2B =2(a+ P)=2x3=6
Product of roots =20 . 2B =4af =4 x 3 =12.
.. Required equation is x* — 6x + 12 =0
Let o be the common root of the equations x> + mx +n =0
and x* + px + ¢ = 0. Then,
X +ma+n=0 ()]
o> +po+qg=0 ..(i0)
Solving (i) and (i7) simultaneously, we get

o a1
mq—np n-—q p-m
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