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QUADRATIC EQUATIONS Ch 3-1

KEY FACTS

 1. An equation in which the highest power of the variable is 2 is called a quadratic equation.
ax2 + bx + c = 0, where a, b, c are constants is a general quadratic equation and a z 0, and a, b, c � R. 

 2. Solving a Quadratic Equation : 7R�¿QG�WKH�URRWV�RI�D�TXDGUDWLF�HTXDWLRQ�LV�FDOOHG�VROYLQJ�D�TXDGUDWLF�
equation.

 (a) Method I : Factorising the quadratic equation into linear factors.
  The quadratic expression ax2 + bx + c = 0 can be expressed as a product of two linear factors as the degree of 

the algebraic expression here is 2.
  Let ax2 + bx + c = (mx + n) (ex + f ), where m z 0, e z 0.
  Then, ax2 + bx + c = 0 � (mx + n) (ex + f ) = 0
  � (mx + n) = 0 or (ex + f ) = 0

  � x = – 
n
m

 or x = – 
f
e

  ? The two roots of ax2 + bx + c = 0 are and
– .n f

em
−

 (b) Method II : Using the formula.
  ax2 + bx + c = 0  (a z 0)
  � ax2 + bx = – c  (Transposing the constant term)

  � x2 + –b cx aa
= � ��'LYLGLQJ�E\�WKH�FRHI¿FLHQW�RI�x2)

   � x2 + 
2 2

2 2 –
4 4

b cb bx aa aa
+ =   

2
Adding on both the sides to make LHS a perfect square2

b
a

 
  

 
  

   � ( )2 22

2
– 4– 4

2 2 24
b acb acb bx xa a aa

±+ = ⇒ + =                 − ± −=
2

The formula

4
2

b b acx
a

   � x = – 
2 2– 4 – – 4
2 22

b ac b b acb
a aa

±± =

  Hence, the roots of the equation ax2 + bx + c = 0 are and
+ 2 2– – 4 – – – 4

22
b b ac b b ac

aa
  These two values are called the roots of the equation and are also called the ]HURV�RI�WKH�IXQFWLRQ�GH¿QHG by 

f (x) = ax2 + bx + c.

3 Quadratic Equations

Ch 3-1
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 3. Equations Reducible to Quadratic Equations
Type I : ax2n + bxn + c = 0

In this type of an equation, we put xn = y. So, ax2n + bxn + c = 0 reduces to ay2 + by + c = 0.
Now solve for y and hence for x.

 Example. Solve : 41 + x + 41 – x = 10 for x.

 Sol. 41 + x + 41 – x = 10           � 41.4x + 41.4–x = 10      � 4.4x + 10
4

4x =

� � � 4.42x + 4 = 10 × 4x � 4.42x – 10.4x + 4 = 0.
  Let 4x = y. Then, the given equation becomes 4y2 – 10y + 4 = 0

  � 2y2 – 5y + 2 = 0     ��(y – 2) (2y – 1) = 0         ��y = 2 or 
1 .
2

  � 4x = 2 or, 4x = + 
1
2

   � 22x = 21 or 22x = 2–1        � 2x = 1  or 2x = – 1 � x = 
1 1or
2 2

−
.

Type II : az + c
b
z

= , where a, b, c are constants.

 Example. If 
2 2

2 2
2x + x + 2 x + 3x + 1+ 2 – 3 = 0,

2x + x + 2x + 3x + 1
�¿QG�[.

 Sol. Let 
2

2
2 2

3 1
x x y

x x
+ + =

+ +
. Then, y + 2 × 

1 – 3 0
y

=

� y2 – 3y + 2 = 0 � (y – 1) (y – 2) = 0 � y = 1 or 2

? y = 1 � 
2 2

22
2 2 2 21 1

3 13 1
+ + + += ⇒ =

+ ++ +
x x x x

x xx x
 � 2x2 + x + 2 = x2 + 3x + 1

� x2 – 2x + 1 = 0 � (x – 1)2 = 0 � x = 1.

 y = 2 ��
2 2

22
2 2 2 22 4

3 13 1
+ + + += ⇒ =

+ ++ +
x x x x

x xx x
� 2x2 + x + 2 = 4x2 + 12x + 4 � 2x2 + 11x + 2 = 0

? x = 
–11 121 – 4×2×2 –11 121 – 16 –11 105 .4 42 × 2

± ± ±= =  ? x = 1, 
–11 105

4
± .

Type III : Equations of type (x + a) (x + b) (x + c) (x + d) + k = 0, where the sum of two of the quantities a, b, c, d 
is equal to the sum of the other two.

 Example. (x + 1) (x + 2) (x + 3) (x + 4) + 1 = 0
 Sol. [(x + 1) (x + 4)] [(x + 2) (x + 3)] + 1 = 0 (' 1 + 4 = 2 + 3 = 5)

� (x2 + 5x + 4) (x2 + 5x  + 6) + 1 = 0
Let x2 + 5x = y. Then, (y + 4) (y + 6) + 1 = 0
� y2 + 10y + 24 + 1 = 0 � y2 + 10y + 25 = 0 � (y + 5)2 = 0 � y = – 5

? x2 + 5x = – 5 � x2 + 5x + 5 = 0. � x = 
–5 25 – 20

2
±

= –5 5
2
± .

 4. Important Properties of Inequalities
 1. An inequality will still hold after each side has been increased, diminished, multiplied or divided by the same 

positive quantity.
 2. In an inequality any term may be transposed from one side to the other if its sign is changed.
 3. Both the sides of an inequality can be multiplied or divided by the same negative number by reversing the 

sign of inequality.
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 5. Nature of Roots. A quadratic equation ax2 + bx + c = 0, a z 0, has two roots which by the quadratic formula  
are as under :

            
2 2– – 4 – – – 4

and 22
b b ac b b ac

aa
+

  The expression b2 – 4ac is called the discriminant.
  Examining the nature of the roots means to see what type of roots the equation has, that is, whether they are real 

or imaginary, real or irrational, equal or unequal. The nature of the roots depends entirely on the value of the 
discriminant D = b2 – 4ac

  Thus, if a, b, c are rational, then
 I. If D = b2 – 4ac > 0 (i.e, positive), the roots are real and unequal.
  Also,
  (a) If D = b2 – 4ac is a perfect square, the roots are rational.   
  (b) If D = b2 – 4ac is not a perfect square, the roots are irrational.  

  (c) If D = b2 – 4ac = 0, the roots are equal, each being equal to 
–
2

b
a

.

    So, ax2 + bx + c = 0 is a perfect square if D = 0.
 II. If D = b2 – 4ac < 0 (i.e., negative), the roots are imaginary (complex). 
 Example.  Examine the nature of the roots of the equations:
 (i) 2x2 + 2x + 3 = 0 (ii) 2x2 – 7x + 3 = 0
 (iii) x2 – 5x –  2 = 0 (iv) 4x2 – 4x + 1 = 0.
 Sol. (i) 2x2 + 2x + 3 = 0  (Here, a = 2, b = 2, c = 3)
� ? D = b2 – 4ac = (2)2 – 4 × 2 × 3 = 4 – 24 = – 20 < 0
  Hence, roots are imaginary.
 (ii) 2x2 – 7x + 3 = 0  (Here, a = 2, b = – 7, c = 3)
 ? D = b2 – 4ac = 49 – 24 = 25 > 0 and a perfect square
   Hence, roots are real and rational.
 (iii) x2 – 5x – 2 = 0.  (Here, a = 1, b = – 5, c = – 2)
 ? D = b2 – 4ac = 25 + 8 = 33 > 0 and not a perfect square
  Hence, roots are real and irrational.
 (iv) 4x2 – 4x + 1 = 0  (Here, a = 4, b = – 4, c = 1)
 ? D = b2 – 4ac = 16 – 16 = 0.
  Hence, roots are real and equal.
 6. Sum and Product of Roots:
  If the two roots of the quadratic equation ax2 + bx + c = 0 obtained by the quadratic formula be denoted by D and 

E, then we have

  D = 
2 2– – 4 – – – 4

, 22
b b ac b b ac

aa
+

β =

? Sum of roots = D + E = – 
2 2– 4 – – – 4

22
b b ac b b ac

aa
− +

+ = 
2

2
b

a
− = – b

a

Product of roots = DE = 
2 2– – 4 – – – 4

22
b b ac b b ac

aa

 
 
   

 +  ×
  

  = 
2 22 2 2

2 22
(– ) – ( – 4 ) – ( – 4 ) 4

4 44
b b ac b b ac ac

a aa
= = = c

a .
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Thus,  Sum of roots = 2
– Coeff. of
Coeff. of

x
x

; Product of roots = 2
Constant term

Coeff. of x
Thus, if D��E be the roots of the equation 6x2 – 5x + 7 = 0, then D�+�E = – (– 5/6) = 5/6, DE = 7/6.

 7. Values of the Symmetric Functions of the Roots
  If D��E�EH�WKH�URRWV�RI�D�JLYHQ�TXDGUDWLF�HTXDWLRQ�DQG�ZH�ZLVK�WR�¿QG�WKH�YDOXH�RI�D�V\PPHWULF�IXQFWLRQ�RI�D and E,
  we can do so by proceeding as follows :

Method:
Step I. Write the values of D�+�E and DE from the given equation.
Step II. Express the given function in terms of D�+�E and DE.
Step III.  Substitute the values of D�+�E  and DE from step 1.

  Caution: 'R�QRW�¿QG�WKH�YDOXHV�RI�Į�DQG�ȕ�VHSDUDWHO\�
 The following algebraic relations can be very useful :
 1. D2 + E2 = (D�+�E)2 – 2DE
 2. (D�–�E)2 = (D���E)2 – 4DE
 3. D2 – E2 = (D�+�E) (D�–�E) = (D�+�E) 2( ) – 4α + β αβ  

 4. D��+�E3 = (D���E) (D2 – DE + E2) = (D�+�E) [(D�+�E)2 – 3DE] = (D�+�E)3 – 3DE (D�+�E)
  5. D��–�E3 = (D���E) (D2 + DE + E2) = (D – E) [(D�–�E)2 + 3DE] = (D�–�E)3 + 3DE (D – E)
 6. D��–�E4 = (D����E2)2 – 2D�E2 = [(D�+�E)2 – 2DE]2 – 2(DE)2

 7. D��–�E4 = (D����E2) (D����E2) = (D�–�E) (D�+�E) (D��+�E2) = 2 2( ) – 4 ( ) [( ) – 2 ]α + β αβ α + β α + β αβ

 8. Formation of Equations with given Roots :
  Suppose we have to form the equation whose roots are D and E. Then, as x = D, x = E are the roots of the equation, 

so (x – D) = 0 and (x – E) = 0
? (x – D) (x – E) = 0
� x2 – (D + E) x + DE = 0
� x2 – (Sum of roots) x + Product of roots = 0.
Thus, the equation whose roots are 5 and 7 is x2 – (5 + 7) x + 5 × 7 = 0 � x2 – 12x + 35 = 0.

 9. 7R�¿QG�WKH�FRQGLWLRQ�ZKHQ�D�UHODWLRQ�EHWZHHQ�WKH�WZR�URRWV�LV�JLYHQ
  Step I. Let one root be D. Write the other root using the given relation.

Step II. Write the sum and product of the roots.
Step III. Eliminate Į from the two relations obtained in Step II.

 Ex. Find the condition that one root of ax2 + bx + c = 0 may be four times the other.
 Sol. Let the roots be D�and 4D. Then,

  D + 4D = 5D = –
b
a

 …(i)

  D . 4D = 4D2 = 
c
a

  …(ii)

 From (i)   D�= – 
5
b
a

 ?� From (ii)  4. ( )2 2

2
4– 5 25

b c b c
a a aa

= ⇒ = ⇒  4b2 = 25 ac.

 10. Special Roots: For a quadratic equation ax2 + bx + c = 0, a z 0, a, b, c � R
whose roots are D and E.
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 (a) Reciprocal roots

  If D = 
1 ,
β

 then DE = 1 � DE = 1
c
a

= ⇒  c = a 

  Thus the roots of a quadratic equation will be reciprocal of each other if FRHI¿FLHQW�RI�x2 = constant term.
 (b) Zero roots
  Case I : When one root is zero, say D = 0.

  Then, DE = 0 � 0,
c
a

= ⇒  c = 0 as a z 0

  Case II : When both roots are zero, i.e, D = 0, E = 0
  Then, D�+�E = 0 and DE = 0

 � – 0 and 0cb
a a

= =  � b = 0 and c = 0 as a z 0.

 (c) ,Q¿QLWH�URRWV
  Let D��E be the roots of ax2 + bx + c = 0 ...(i)

  Then, the equation whose roots are 
1 ,
α

 
1
β

 is cx2 + bx + a = 0 ...(ii)

  Now if one root of (ii) is zero then a = 0 � the corresponding root of (i) is 
1
0

 = f.

  If both the roots of (ii) are zero, then a = 0, b = 0 � both the corresponding roots of (i��DUH�LQ¿QLWHO\�ODUJH�
  Thus, For one root to be LQ¿QLWH� a = 0 ; 
    For both roots to be LQ¿QLWH� a = 0, b = 0
 11. Signs of the Roots

 (a) 3RVLWLYH�URRWV���%RWK�WKH�URRWV�ZLOO�EH�SRVLWLYH�LI�Į�+�ȕ�DQG�Įȕ�DUH�ERWK�SRVLWLYH��i.e, – 
b
a

 and 
c
a  are 

positive. It will be so when b and a are of opposite signs and c and a are of the same sign.

 (b) Negative roots : Both the roots will be negative if D���E is negative and DE is positive, i.e., – b
a  is negative 

and 
c
a

 is positive, i.e., when a, b and c all have the same sign.

 (c) Roots of opposite signs. It will occur when DE is negative, i.e., c and a are of opposite signs. 

 (d) Roots equal in magnitude but opposite in sign. It will occur if D + E = 0, i.e., – b
a

 = 0, i.e. b = 0.

  For real solutions the signs of c and a should be opposite.
 12. Common Roots
 1. 7R�¿QG�WKH�FRQGLWLRQ�WKDW�WZR�TXDGUDWLF�HTXDWLRQV�PD\�KDYH�RQH�FRPPRQ�URRW�
  Let the two quadratic equations be ax2 + bx + c = 0, a1 x

2 + b1 x + c1 = 0 and let D be their common root. Then,
     aD2 + bD + c = 0 ...(i)
     a1D

2 + b1D + c1 = 0 ...(ii)

  Solving them by the rule of cross-multiplication, we have, 
2

1 1 1 1 1 1

1
– – –

α α= =
bc cb ca ac ab a b

     D2 = 1 1 1 1

1 1 1 1

– –
,

– –
α =bc cb ca ca

ab a b ab a b

  �                           
2

21 1 1 1
1 1 1 1 1 12

1 1 1 1

– ( – )
( – ) ( – ) ( – )

– ( – )
= ⇒ =bc cb ca ac bc cb ab a b ca ac

ab a b ab a b
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 2. 7R�¿QG�WKH�FRQGLWLRQ�WKDW�WKH�WZR�TXDGUDWLF�HTXDWLRQV�PD\�KDYH�ERWK�WKH�URRWV�FRPPRQ�
  Let the common roots of the equations ax2 + bx + c = 0 and a1x

2 + b1x + c1 = 0 be D and E. Then,

� � )URP�¿UVW�HTXDWLRQ��D + E = – ,b c
a a

αβ =

  From second equation, D + E = – 1 1

1 1
, αβ =b c

a a

  So, – 1 1

1 1
– and

1 1 1

a b c= =
a b c

= = + ⇒b cb c
a a a a

.

 13. Transformed Equations
If f (x) = ax2 + bx + c = 0 is a quadratic equation, then the equation whose roots are the :

 (a) Reciprocals of the roots of f (x) = 0 is  
  

f =
x
1 0  i.e., 2 0a b c

xx
+ + =  � cx2 + bx + a = 0.   

 (b) Roots of f (x) = 0, each increased by a constant k is f (x – k) = 0, i.e., a(x – k)2 + b(x – k) + c = 0. 
 (c) Roots of f (x) = 0, each decreased by a constant k is f (x + k) = 0, i.e., a(x + k)2 + b(x + k) + c = 0.
 (d) Roots of f (x) = 0 with signs changed is f (– x) = 0, i.e. a(–x)2 + b(–x) + c = 0 � ax2 – bx + c = 0.

 (e) Roots of f(x) = 0 with each multiplied by k z 0 is
xf
k

 
   = 0 i.e.

2   +      
x xa b
k k

+ c = 0 i.e., ax2 + kbx  
+ k2c = 0

 14. 5HODWLRQ�EHWZHHQ�WKH�URRWV�RI�D�FXELF�HTXDWLRQ�DQG�LWV�FRHI¿FLHQWV�
  Let the cubic equation be x3 + S1x

2 + S2x + S3 = 0, where S1, S2, S3�DUH�WKH�FRHI¿FLHQWV�
Let D, E, J  be the roots of the given cubic equation. Then,
  S1� � ±��Į���ȕ���Ȗ�����S2� ��Įȕ���ȕȖ���ȖĮ�����S3� �±��ĮȕȖ�
Conversely, if the roots of a cubic equation are given as D1, E1, J, then its equation can be written as :
  x3 – S1x2 + S2x – S3 = 0, where
  S1 = (D���E���J), S2 = (DE���EJ���JD) and S3 = DEJ.

 15. 5HODWLRQ�EHWZHHQ�WKH�URRWV�RI�D�EL�TXDGUDWLF�HTXDWLRQ��GHJUHH����DQG�LWV�FRHI¿FLHQWV�
A bi-quadratic equation, whose roots are D��E��J and G is
  x4 – S1 x

3 + S2 x
2 – S2x + S4 = 0

where S1 = D���E���J + G,  S2 = DE���DJ���DG + EJ���EG���JG�  S3 = DEJ + DEG + DJG + EJGL,  S4 = DEJG.

SOLVED EXAMPLES

 Ex. 1. What are the roots of the equation (a + b + x)–1 = a–1 + b–1 + x–1 ? (CDS 2007)

 Sol. Given, 
1 1 1 1

a b x a b x
= + +

+ +
 � 

1 1 1 1–
a b x x a b

= +
+ +

  � 
– ( )
( )

x a b x a b
x a b x ab

+ + +=
+ +

  � 
– ( )
( )

a b a b
x a b x ab

+ +=
+ +

 �� – ab = x2 + (a + b)x

  �� x2 + (a + b)x + ab = 0 �� (x + a) (x + b) = 0 � x = – a, – b.

 Ex. 2. What is one of the roots of the equation 
2 3 3

3 2 2
x – x– = ?

– x x
  (a) 1 (b) 2 (c) 3 (d) 4     (CDS 2008)

 Sol. Given equation is 
2 3 – 3–

3 – 2 2
x x
x x

=
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  Let 
2

3 –
x
x

 = a. Then, the given equation reduces to a – 
1 3

2a
=

  �� 2(a2 – 1) = 3a �� 2a2 – 3a – 2 = 0 �� 2a2 – 4a + a – 2 = 0
  �� 2a (a – 2) + 1 (a – 2) = 0 �� (2a + 1) (a – 2) = 0

  �� a – 2 = 0 � a = 2 or (2a + 1) = 0 � a = – 
1
2

                 or

? 
2 2

3 –
x
x

=  �� 2x = 4(3 – x)

��6x = 12 � x = 2

 
2 1–

3 – 2
x
x

=  � 
2 1

3 – 4
x
x

=

��8x = 3 – x � 9x = 3 � x = 
1
3

.

  Hence, according to the given options, (b) is correct. 

 Ex. 3. If 3x + 27 (3–x) = 12, then what is the value of x ? (CDS 2009)

 Sol. Given, 3x + 27 (3–x) = 12

  Let 3x = y. Then, y + 
27 12
y

=  � y2 – 12y + 27 = 0

  � y2 – 9y – 3y + 27 = 0 � (y – 3) (y – 9) = 0 � y = 3, 9
  � 3x = 3 or 3x = 9 � x = 1 or 2.

 Ex. 4. What is the ratio of sum of squares of roots to the product of the roots of the equation 7x2 + 12x + 18 = 0?
(CDS 2009)

 Sol. Let D��E be the roots of the equation 7x2 + 12x + 18 = 0.

  



For a quadratic equation ax2 + bx + c = 0, sum of roots = – ,b

a
 product of roots = + 

c
a




  ? D�+�E = – 
12 18and
7 7

αβ =

  � (D���E)2 = 
2

2 2–12 1442
7 49

  ⇒ α + β + αβ =  

  � 2 2 144 36 108–
49 7 49

−α + β = =  

  ? Required ratio = D2 + E2 : DE = 

–108
649 –

18/7 7
=  = – 6 : 7. 

 Ex. 5. What is the value of a for which the equation 2x2 + 2 6 x + a = 0 has equal roots ? (Kerala PET 2010)

 Sol. The equation 2x2 + 2 6x  + a = 0 has equal roots if the discriminant D = 0.

  ? Here, D = 2(2 6) – 4 (2) ( ) 0a× × =  [D = b2 – 4ac for ax2 + bx + c = 0]
  � 24 – 8a = 0 � a = 3.
 Ex. 6. Of the following quadratic equations, which is the one whose roots are 2 and – 15 ?
  (a) x2 – 2x + 15 = 0 (b) x2 + 15x – 2 = 0 (c) x2 + 13x – 30 = 0 (d) x2 – 30 = 0.   (MAT)

 Sol. Sum of roots = 2 + (– 15) = – 13; Product of roots = 2 × (– 15) = – 30.
  ? Required equation is x2 – (sum of roots) x + product of roots  = 0
  � Reqd. equation = x2 – 13x – 30 = 0. 
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 Ex. 7. If one of the roots of the equation x2 + ax + 3 = 0 is 3 and one of the roots of the equation x2 + ax + b = 0 
is three times the other root, then what is the value of b ? (J&K CET 2005)

 Sol. Let 3 and D be the roots of the equation x2 + ax + 3 = 0
  Then, sum of roots = 3 + D = – a ...(i),   Product of roots = 3D = 3 ...(ii)
  From (ii) D = 1. ? Substituting D = 1 in (i), we get a = – 4.
  ? The second equation x2 + ax + b = 0 becomes x2 – 4x + b = 0.
  Let E and 3E be the roots of this equation. Then, sum of roots = E + 3E = 4 � 4E = 4 � E = 1
  and Product of roots  = E × 3E = b � 3E2 = b � b = 3.
 Ex. 8. If�Į��ȕ be the two roots of the equation x2 + x����� ����WKHQ�WKH�HTXDWLRQ�ZKRVH�URRWV�DUH�Į�ȕ�DQG�ȕ�Į�LV��"
  (a) x2 – x – 1 = 0 (b) x2 – x + 1 = 0 (c) x2 + x – 1 = 0 (d) x2 + x + 1 = 0

(UPSEE 2005)
 Sol. Let D��E be the roots of the equations x2 + x + 1 = 0. Then,
  Sum of roots =�D���E = – 1, Product of roots = DE = 1

  Now the equation whose roots are andα β
β α

 is

  x2 – x   α β α β+ + ×   β α β α   
 = 0.

  
2 2α β α + β+ =

β α αβ
 = 

2 2( ) – 2 (–1) – 2(1) – 1
1

α + β αβ = =
αβ

 and 1.α β× =
β α

  ? Required equation = x2 + x + 1 = 0.
 Ex. 9. If the difference in the roots of the equation x2 – px + q = 0 is unity, then which one of the following is 

correct ?
  (a) p2 + 4q = 1 (b) p2 – 4q = 1 (c) p2 + 4q = – 1 (d) p2 – 4q = – 1.

(CDS 2005)
 Sol. Given, x2 – px + q = 0
  Let D, E be the roots of the given equation. Then,

    D + E  = – 
(– )

1
p p=  ...(i),   DE = 

1
q q=  ...(ii)

  Also, D – E = 1 (given)  ...(iii)
  ? From (i) and (iii), 2D = p + 1 � D = 

1
2

p +

  ? From (i) and (iii), 2E = p – 1 � E = 
1

2
p −

  Substituting these values of D and E in (ii), we have 
1 – 1

2 2
p p q+    =      

  � 
2

2– 1 – 1 4
4

p q p q= ⇒ = ⇒  p2 – 4q = 1.

 Ex. 10. If the roots of the equation x2 + x + 1 = 0 are in the ratio of m : n, then which one of the following relation 
holds ?

  (a) m + n + 1 = 0 (b) 1 0m n
n m

+ + =  (c) 1 0m n+ + =  (d) 1 0.m n
n m

+ + =

(CDS 2005)
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 Sol. x2 + x + 1 = 0

  ? Roots are = 
– 1 1 – 4

2
±

 = –1 3 (where –1)
2

i i± = =  
2– – 4

Roots
2

b b ac
a

 ± =
  
' .

  Given, 

–1 3
–1 32

–1 – 3 –1 – 3
2

i
m i m
n ni i

+
+= ⇒ =

  � 
(– 1 3 ) (–1 – 3 ) –2

– (–1 3 ) – (–1 – 3 ) 2 3
m n i i
m n i i i

+ + += =
+

 (Applying componendo and dividendo)

  �  
2–1

– 3 3 3
m n i i
m n i i

+ = = =   (' i2 = –1)

  �  
2 2 2 2

2 2
2 1

– 33 – 2
 + + + − = ⇒ =      +

m n i m n mn
m n m n mn

 � 
2 2 2 2

2 2 2 2
( 2 ) ( – 2 ) –1 3

–1 – 3( 2 ) – ( – 2 )
m n mn m n mn
m n mn m n mn

+ + + + +=
+ + +

  

� 
2 2 2 22( ) 2 1

2 (2 ) –4 2 –2
+ += ⇒ =m n m n
mn mn

 � 
2 2

– 1 1 0m n+ + = .
n m

+ = ⇒m n
mn

 Ex. 11. If the roots of the equation x2 – 2ax + a2 + a – 3 = 0 are real and less than 3, then which one of the following 
is correct ?

  (a) a < 2 (b) 2 < a < 3 (c) 3 < a < 4 (d) a > 4   (CDS 2012)
 Sol. If the roots of the equation x2 – 2ax + a2 – a – 3 = 0 are real and less than 3, then D t 0 and f (3) > 0.
  � 4a2 – 4(a2 + a – 3) t 0 and (3)2 – 2a (3) + a2 + a – 3 > 0
  � a2 – a2 – a + 3 t 0 and 9 – 6a + a2 + a – 3 > 0
  � –a + 3 t��� and a2 – 5a + 6 ! 0 � a – 3 d 0 and (a – 2) (a – 3) > 0  

� a d 3 and a < 2 or a > 3 � a � 2.

 Ex. 12. What are the number of solutions for real x, which satisfy the equation

          2 log2 log2x + log1/2 log2 (2 2x ) = 1?

 Sol. 2 log2 log2x + log1/2 log2 (2 2 ) 1x =

  � 2 log2 log2x – log2 log2 (2 2 ) 1x =  (' log1/a x = – logax) 

  � log2 (log2x)2 – log2 (log2 (2 2 )x ) = log2 2

  � log2 
2

2
2

2

(log )
log 2

log (2 2 )
=x

x
 � 

2
2

2

(log )
2

log (2 2 )
=x

x
 2

2 2(log ) 2 log (2 2 )⇒ =x x

  � (log2x)2 = 2 log2 (2
3/2x) � (log2x)2  = 

32 log 2
2

 
  

x  = 2[3/2 {log22 + log2x}]

  � (log2x)2 = 3 + 2 log2x � (log2x)2 – 2 log2x – 3 = 0

  � (log2x – 3) (log2x + 1) = 0 � log2x = 3 or log2x = – 1 � x = 23 = 8 or x = 2–1 = 
1
2

  But for x = 2 2
1 1, log log
2 2

 
  

�LV�XQGH¿QHG�VR�x = 8 is the only possible value of x.

 Ex. 13. ,I�Į,�ȕ,�Ȗ�DUH�WKH�URRWV�RI�WKH�HTXDWLRQ�x3 + ax2 + bx + c� ����WKHQ�ZKDW�LV�Į–1���ȕ–1���Ȗ–1 is equal to ?

 Sol. Given D,�E, J  are the roots of the equation x3 + ax2 + bx + c = 0. Then,
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  S1 = D���E���J = – 
2

3
coefficient of –
coefficient of

x a
x

= ; S2 = DE���EJ + DJ = 3
coefficient of
coefficient of

x b
x

=

  S3 = DEJ = 3
– constant term –

coefficient of
c

x
=

  ? D–1 + E–1 + J–1 = 2

3

1 1 1 –
–

S b
S c

βγ + αγ + αβ+ + = = = =
α β γ αβγ

b
c

.

 Ex. 14. ,I�Į��ȕ�DUH�WKH�URRWV�RI�WKH�HTXDWLRQ��x2 + 6x + 1 = 0, then write the equation with roots 
1 1,
α β

.

 Sol. As D��E are the roots of the equation 9x2 + 6x + 1 = 0, D���E = – 
6 2–
9 3

= , DE�= 
1
9

  ? Required equation = x2 – (Sum of roots)x + Product of roots = 0

   i.e., x2 – 
1 1 1 1. 0x + + = α β α β 

, i.e., x2 – 
1 0x β + α + = γβ αβ 

   i.e., x2 – 
–2/3 9 0
1/9

x  + =  
, i.e., x2 + 6x + 9 = 0 

  Alternatively,
  The equation whose roots 

1 1, 
 α β 

 are the reciprocals of the roots (D��E) of the equation 9x2 + 6x + 1 = 0 can 

be obtained by replacing x by 
1
x

 in the given equation.

  ? Required equation is : 
21 19 6 1 0

x x
   + + =      

 � x2 + 6x + 9 = 0.

 Ex. 15. Find the values of k for which the equations x2 – kx – 21 = 0 and x2 – 3kx + 35 = 0 will have a common 
root?

 Sol. Let D be the common root of both the given equations. Then D�VDWLV¿HV�ERWK�WKH�HTXDWLRQV��6R�
    D2 – kD – 21 = 0  ...(i)
    D2 – 3kD + 35 = 0  ...(ii)
  Solving equations (i) and (ii) simultaneously, we get

   
2 1

–35 – 63 –21 – 35 –3k k k k
α α= =

+
 1 1 2 2 21

1 2 2 1 1 2 2 1 1 2 2 1

0; 0
1

– – –

 + + = + + =
 
 = = 
 

a x b y c a x b y c
x y

b c b c c a c a a b a b
  � D2 = 

–98 –56 2849 and
–2 –2

k
k k k

= α = =

  ? 
2

228 28 2849 16
49

k k
k

× = ⇒ = = ⇒ =  
4.±

PRACTICE SHEET

 1. What are the roots of the equation log10 (x
2 – 6x + 45) = 2?

  (a) 9, –5 (b) –9, 5 (c) 11, – 5 (d) –11, 5
(CDS 2010)

 2. What is one of the values of x  in the equation 
1 – 13

1 – 6
x x

x x
+ =

  (a) 
5

13
 (b) 

7
13

 (c) 
9

13
 (d) 

11
3

(CDS 2007)
 3. What are the roots of the equation 4x – 3.2x + 2 + 32 = 0 ?
  (a) 1, 2 (b) 3, 4 (c) 2, 3 (d) 1, 3

(CDS 2010)
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 4. What are the roots of the quadratic equation
  a2 b2 x2 – (a2 + b2)x + 1 = 0 ?

  (a) 2 2
1 1,
a b

  (b) 2 2
1 1– , –
a b

  (c) 2 2
1 1, –
a b

  (d) 2 2
1 1– ,
a b

  (CDS 2011)

 5. If the roots of the equation (c2 – ab)x2 – 2(a2 – bc)x +  
(b2 – ac) = 0 for a z 0 are real and equal, then the value of 
a3 + b3 + c3 is :

  (a) abc  (b) 3abc
  (c) 0  (d) None of these

(MAT 2003)
 6. If sin T and cos T are the roots of the equations  

ax2 – bx + c = 0, then which of the following is correct?
  (a) a2 + b2 + 2ac = 0 (b) a2 – b2 + 2ac = 0
  (c) a2 + b2 + 2ab = 0 (d) a2 – b2 – 2ac = 0.

(CDS 2011)

 7. The roots of the quadratic equation x2 – 2 3 – 22 0x =  
are:

  (a) imaginary  (b) real, rational, equal
  (c) real, rational, unequal  (d) real, irrational, unequal

(WBJEE 2010)
 8. Which one of the following is the equation whose roots 

are respectively three times the roots of the equation 
ax2 + bx + c = 0 ?

  (a) ax2 + 3bx + c = 0 (b) ax2 + 3bx + 9c = 0
  (c) ax2 – 3bx + 9c = 0 (d) ax2 + bx + 3c = 0

(CDS 2007)
 9. If D��E are the roots of the quadratic equation
  ax2 + bx + c = 0, then DE����D�E���DE equals :

  (a) 2–
bc
a

 (b) 0 (c) abc  (d) 2
( – )c a b

a
(AMU 2000)

 10. For what value of m the ratio of the roots of the equation 
12x2 – mx + 5 = 0 is 3 : 2 ?

  (a) 5 10  (b) 10 5  (c) 25 2  (d) 15 5

(Rajasthan PET 2002)
 11. If the roots of the equation ax2 + bx + c = 0 are equal in 

magnitude but opposite in sign, then which one of the 
following is correct ?

  (a) a = 0  (b) b = 0
  (c) c = 0  (d) b = 0, c z 0, a z 0.

(CDS 2005)
 12. If 2x2 – 7xy + 3y2 = 0, then the value of x : y is
  (a) 3 : 2  (b) 2 : 3
  (c) 3 : 1 and 1 : 2 (d) 5 : 6

(MAT 2003)
 13. If D and E� are the roots of the quadratic equation  

ax2 + bx + c = 0, such that E = D1/3, then
  (a) (a3 b)1/4 + (ac3)1/4 + a = 0

  (b) (a3 c)1/4 + (ac3)1/4 + b = 0
  (c) (a3 b)1/4 + (ab3)1/4 + c = 0
  (d) (b3 c)1/4 + (bc3)1/4 + a = 0    (Kerala PET 2003)
 14. If the roots of the equation a(b – c) x2 + b(c – a)x 

+ c(a – b) = 0 are equal, then a, b, c are in :
  (a) AP  (b) GP
  (c) HP  (d) None of these
 15. If an integer P is chosen at random in the interval 0 d p d 5, 

the probability that the roots of the equation x2 + px 

+ 
1 0

4 2
p + =  are real is

  (a) 
2
3

 (b) 
2
5

 (c) 
3
5

 (d) 
4
5

 16. Two students A and B solve an equation of the form  
x2 + px + q = 0. A starts with a wrong value of p and obtains 
the roots as 2 and 6. B starts with a wrong value of q and 
gets the roots as 2 and –9. What are the correct roots of the 
equations ?

  (a) 3 and –4 (b) –3 and –4 (c) –3 and 4 (d) 3 and 4
(CDS 2012)

 17. If D and E are the roots of the equation x2 – 6x + 6 = 0, what 
is D3 + E3 + D2 + E2 + D�+�E equal to ?

  (a) 150 (b) 138 (c) 128 (d) 124
(CDS 2011)

 18. If D and E are the roots of the equation x2 + px + q = 0, then 
–D–1 and –E–1 are the roots of which one of the following 
equations ?

  (a) qx2 – px + 1 = 0 (b) q2 + px + 1 = 0
  (c) x2 + px – q = 0 (d) x2 – px + q = 0

(CDS 2010)
 19. The number of solution of log4 (x – 1) = log2 (x – 3) is :
  (a) 0 (b) 5 (c) 2 (d) 3

(AMU 2007)
 20. The equation esin x – e–sin x – 4 = 0 has
  (a) no real roots (b) exactly one real root
  (c) exactly four real roots  (d��LQ¿QLWH�QXPEHU�RI�UHDO�URRWV��
 (AIEEE 2012)

 21. If 56 1 15 1,
5 5

x x    >      
 then x�VDWLV¿HV��

  (a) [0, 49) (b) (49, 64] (c) [0, 64) (d) [49, 64)
(DCE 2007)

 22. The sum of the roots of the equation 
1 1 1

x a x b c
+ =

+ +
 is 

zero. What is the product of the roots of the equation ?

  (a) – 
( )

2
a b+

  (b) 
( )

2
a b+

  (c) 
2 2( )–

2
a b+

 (d) 
2 2( )

2
a b+

  (CDS 2010)
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 23. For what value of k will the roots of the equation
  kx2 – 5x + 6 = 0 be in the ratio 2 : 3 ?
  (a) 0 (b) 1 (c) –1 (d) 2

(CDS 2010)
 24. The number of real solutions of the equation 
  2|x|2 – 5|x| + 2 = 0 is :
  (a) 0  (b) 4
  (c) 2  (d) None of these
 25. If p, q, r are positive and are in A.P., the roots of quadratic 

equation px2 + qx + r = 0 are real for :

  (a) – 7 4 3r
p

≥  (b) – 7 4 3p
r

≥

  (c) all p and r  (d) no p and r
 26. The values of x which satisfy the expression

  
2 3(5 2 6)x ++ + 

2 – 3(5 – 2 6) 10x =  are :

  (a) r 2, r 3  (b) 2, 4± ±  (c) 2, 2± ±  (d) 2, 2, 3

 27. If D��E��J are the roots of the equation 2x3 – 3x2 + 6x + 1 
= 0, then D2 + E2 + J2 is equal to

  (a) 
–15
4

 (b) 
–9
4

 (c) 
13
4

 (d) 4

(KCET 2005)
 28. If D��E��J are the roots of the equation x3 + 4x + 1 = 0, then 

(D���E)–1 + (E + J)–1 + (J���D)–1 is equal to
  (a) 2 (b) 3 (c) 4 (d) 5

(UPSEE 2003)
 29. If the roots of x3 – 12x2 + 12x – 28 = 0 are in A.P, their 

common difference is
  (a) r 3  (b) r 2
  (c) r 1  (d) None of these

(Rajasthan PET 2001)
 30. The quadratic equation whose roots are three times the roots 

of 3ax2 + 3bx + c = 0 is
  (a) ax2 + bx + 3c = 0 (b) ax2 + 3bx + c = 0
  (c) ax2 + 3bx + 3c = 0 (d) 9ax2 + 9bx + c = 0.

(WBJEE 2009)
 31. If D and E are the roots of the equation ax2 + bx + c = 0 and 

if px2 + qx + r = 0 has roots 
1 – 1 –and ,α β

α β
 then r equals:

  (a) abc  (b) a + 2b  (c) a + b + c (d) ab + bc + ca.

 32. The equation whose roots are the negatives of the roots of 
the equation x7 + 3x5 + x3 – x2 + 7x + 2 = 0 is :

  (a) x7 + 3x5 + x3 – x2 – 7x – 2 = 0
  (b) x7 + 3x5 + x3 – x2 + 7x – 2 = 0
  (c) x7 + 3x5 + x3 + x2 – 7x + 2 = 0
   (d) x7 + 3x5 + x3 + x2 + 7x – 2 = 0    (EAMCET 2001)
 33. Given that D��J are the roots of the equation Ax2 – 4x + 1 = 0 

and E��G are the roots of the equation Bx2 – 6x + 1 = 0, then 
the values of A and B respectively such that D��E��J and G 
are in H.P are :

  (a) –5, 9  (b) 3/2, 5
  (c) 3, 8            (d) None of these
 34. Let D��E be the roots of the equation (x – a) (x – b) = c, c z 0, 

then the roots of the equation (x – D) (x – E) + c = 0 are :
  (a) a, c (b) b, c (c) a, b (d) a + c, b + c
 35. If the roots of the equation x3 – ax2 + bx – c = 0 are three 

consecutive integers, then what is the smallest possible value 
of b ?

  (a) 
1–
3

 (b) –1 (c) 0  (d) 1   (CAT)

 36. If two equations x2 + a2 = 1 – 2ax and x2 + b2 = 1 – 2bx have 
only one common root, then 

  (a) (a – b) = – 1 (b) |a – b| = 1
  (c) a – b = 1  (d) |a – b| = 2  (DCE 2004)
 37. If D��E��J are the roots of the equation x3 – 3x + 11 = 0, then 

the equation whose roots are (D���E), (E���J), (J���D) is :
  (a) x3 + 3x + 11 = 0 (b) x3 – 3x + 11 = 0
  (c) x3 + 3x – 11 = 0  (d) x3 – 3x – 11 = 0
 38. If D��E are the roots of ax2 + bx + c = 0, and D + k, E + k are 

the roots of px2 + qx + r = 0, then k =

  (a) 
1– ( / – / )
2

a b p q  (b) (a/b – p/q)

  (c) ( )1 / – /
2

b a q p  (d) (ab – pq)

 39. Find  the value of 6 6 6 ....+ + + ∞

  (a) –4 (b) 2 (c) 3 (d) 6
 40. The roots of (x – a) (x  – a – 1) + (x – a – 1) (x – a – 2) 

+ (x – a) (x – a – 2) = 0, a � R are always :
  (a) imaginary  (b) real and distinct
  (c) equal  (d) rational and equal

ANSWERS

 1. (c) 2. (c) 3. (c) 4. (a) 5. (b) 6. (b) 7. (c) 8. (b)  9. (d)  10. (a)

 11. (d) 12. (c) 13. (b) 14. (c) 15. (a)  16. (b) 17. (b) 18. (a) 19. (b) 20. (a)

 21. (a) 22. (c) 23. (b) 24. (b) 25. (b) 26. (c) 27. (a) 28. (c) 29. (a) 30. (c)

 31. (c) 32. (d)  33. (c)  34. (c) 35. (b) 36. (d) 37. (d) 38. (c) 39. (c)  40. (b)
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HINTS AND SOLUTIONS

  � 4[a4 + b2c2 – 2a2bc – c2b2 + ac3 + ab3 – a2bc) = 0
  � 4a (a3 + b3 + c3 – 3 abc) = 0
  � a3 + b3 + c3 = 3abc. 
 6. As sin T and cos T are the roots of the equation  

ax2 – bx + c = 0.
  ? sin T + cos T = and sin cosb c

a a
θ θ =

  � (sin T + cos T)2 = 
2

2
b
a

  � sin2T + cos2T + 2 sin T cos T = 
2

2
b
a

  � 1 + 
2 2 2 2

2 2 2
2 2 –– 1c b c b b a
a aa a a

= ⇒ = =

  � 2ac = b2 – a2 � a2 – b2 + 2ac = 0. 

 7. Given equation is x2 – 2 3 – 22 0x = .
  Discriminant = D = b2 – 4ac (for ax2 + bx + c = 0)  

   = 2(–2 3) – 4(–22) 12 88 100= + =
  As D > 0 and is a perfect square, the roots are real, rational 

and unequal.
 8. Let D��E be the roots of the equation ax2 + bx + c = 0. Then,

   D���E = – , .b c
a a

αβ =

  By the given condition, roots of the required equation are 
3D and 3E.

  ? Sum of roots = 3D + 3E = 3(D���E) = – 
3b
a

   Product of roots = 3D . 3E = 9DE = 
9c
a

 

  ? Required equation
   = x2 – (sum of roots)x + (product of roots) = 0

  � x2 – 
–3 9 0  + =  

b cx
a a

   � ax2 + 3bx + 9c = 0.
 9. Given, D��E are the roots of the equation ax2 + bx + c = 0. 

Then, D���E = – b/a , DE = c/a
  Then, DE2 +�D2E + DE = DE (D���E) + DE = (c/a) (–b/a) + c/a

   = – 2 2
–bc c bc ac

aa a
++ = = 2

c a – b
a

( ) .

 10. Given, the roots of the given equation 12x2 – mx + 5 = 0 are 
in the ratio 3 : 2. Let the roots of the given equation be 3D 
and 2D. Then,

  Sum of roots = 3D + 2D = 5
12 12
m m⇒ α =   ...(i)

  and (3D) (2D) = 2 25 5 56
12 12 72

⇒ α = ⇒α =

  
5
72

⇒ α =      ...(ii)

 1. Given, log10 (x
2 – 6x + 45) = 2 � x2 – 6x + 45 = 102 = 100

  � x2 – 6x – 55 = 0 � x2 – 11x + 5x – 55 = 0
  � x(x – 11)  + 5(x – 11) = 0 � (x + 5) (x – 11) = 0
  � x = – 5 or 11.

 2. Let .
1 –

x y
x

=  Then, the given equation reduces to

  y + 
1
y

 = 
13
6

 � 6 (y2 + 1) = 13 y

  � 6y2 – 13y + 6 = 0 � 6y2 – 9y – 4y + 6 = 0
  � 3y (2y – 3) – 2(2y – 3) = 0

  � (3y – 2) (2y – 3) = 0 � y = 
2 3and
3 2

  when y = 
2 2 4,
3 1 – 3 1 – 9

x x
x x

= ⇒ =

   � 9x = 4 – 4x � 13x = 4 � x = 
4

13

  when y = 
3 3 9,
2 1 – 2 1 – 4

x x
x x

= ⇒ =

  � 4x = 9 – 9x � 13x = 9 � x = 
9 .

13
 

 3. 4x – 3.2x + 2 + 32 = 0
  � 22x – 3.22.2x + 32 = 0 � 22x – 12.2x + 32 = 0
  Let 2x = a. Then, a2 – 12a + 32 = 0
  � (a – 8) (a – 4) = 0 � a = 8 and 4
  � 2x = 8 and 2x = 4 � x = 3 and x = 2. 
 4. Let the roots of the equation a2b2x2 – (a2 + b2)x + 1 = 0 be 

D and E. Then,

   D + E = 
2 2

2 2 2
1....( ), ...( )a b i ii

a b a b2
+ αβ =

   D – E = 2( ) – 4α + β αβ

   = 
22 2

2 2 2 2
4–a b

a b a b

 +
   

   = 
4 4 2 2 2 2

2 2 2
2 – 4

( )
a b a b a b

a b
+ +

   = 
2 2 2 2 2

2 2 2 2 2
( – ) –

( )
a b a b

a b a b
=   ...(iii)

  ? On solving (i) and (ii), we get D = 2 2
1 1, .
b a

β =

 5. Given that the roots are real and equal,
  D = 0 � b2 – 4ac = 0 for ax2 + bx + c = 0.

  ? [–2(a2 – bc)]2 – 4(c2 – ab) (b2 – ac) = 0
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  ? From (i) and (ii)

   5.
5 5 5 560 60. 10
72 12 72 26 2

= ⇒ = = =m m

  = 
5 2 1010 . . 10 .

22 2
5 10⋅ = =

 11. Given equation is ax2 + bx + c = 0.

  ? Roots are x = 
2– – 4

2
b b ac

a
±

  Given 
2 2– – 4 – – – 4

–
2 2

b b ac b b ac
a a

   +   =
      

  � – b + 2 2– 4 – 4b ac b b ac= +

  � 2b = 0 � b = 0. but a z 0, c z 0.
 12. 2x2 – 7xy + 3y2 = 0

  � 2
2

– 7 3 0x x
y y

    + =   
   

  ? 
2– – 4 7 49 – 24 7 5 13,

2 4 4 2
b b acx

y a
± ± ±= = = =

  ? x : y = 3 : 1 and 1 : 2.
 13. Let D��E be the roots of the equation ax2 + bx + c = 0. Then,

   D�+�E = – b
a

     ...(i)

   DE = 
c
a

     ...(ii)

  and E�= D1/3    ...(iii)

  ? From (ii) and (iii), D�. (D)1/3 = 
3/4

4/3c c c
a a a

 ⇒ α = ⇒ α =   

  ?  E = 
1/33/4 1/4c c

a a

    =         
 

  ? Putting these values of D and E in eqn. (i), we have

  
3/4

1/4( / ) –c bc a
a a

  + =  
  � a. a–3/4 c3/4 + a. a–1/4 c1/4 = – b
  � a1/4 c3/4 + a3/4 c1/4 + b = 0
  � (ac3)1/4 + (a3 c)1/4 + b = 0.
 14. If the roots of the equation a(b – c)x2 + b(c – a)x + c(a – b) 

= 0 are equal, then Discriminant (D) = 0, i.e., 
  �  b2 (c – a)2 – 4a(b – c) c(a – b) = 0.
  � b2 (c2 +  a2 – 2ac) – 4ac (ab – ca – b2 + bc) = 0
  � b2c2 + b2 a2 – 2ab2c – 4a2bc + 4a2c2 + 4ab2c – 4abc2 = 0
  � a2b2 + b2c2 + 4a2c2 + 2ab2c – 4a2bc – 4abc2 = 0
  � (ab + bc – 2ac)2 = 0 � ab + bc  – 2ac = 0

  � ab + bc = 2ac � 
1 1 2 , , are in H.P.a b c
c a b

+ = ⇒

 15. The equation x2 + px + 
1 0

4 2
p + =  has real roots if the 

discriminant D t 0.

  � p2 – 4 21 0 – – 2 0
4 2
p p p + ≥ ⇒ ≥  

  � p2 – 2p + p – 2 t 0 � p(p – 2) + 1 (p – 2) t 0
  � (p – 2) (p + 1) t 0 
  � (p – 2) t 0 and (p + 1) t 0
  � p t 2 or p d –1
  The condition p d –1 is not admissible as 0 d p d 5.
  Now p t 2 � p can take up the value 2 or 3 or 4 or 5 from 

the given values. {0, 1, 2, 3, 4, 5}
  ? Probability (Roots of given equation are real) 

   = 
Number of values can take 4

Given number of values 6
p = = 2 .

3

 16. Let the roots of the quadratic equation x2 + px + q = 0 be  
D and E. According to the given condition, A starts with a 
wrong value of p and obtains the roots as 2 and 6. But this 
time, the value of q is correct.

  ? q = Product of roots = DE = 2 × 6 = 12.
  According to the second condition, B starts with a wrong 

value of q and obtains the roots as 2 and –9.  But this time, 
the value of p is correct.

  ? p = sum of roots = D���E = 2 + (–9) = –7  ...(i)
  ? (D�–�E)2 = (D + E)2 – 4DE = (–7)2 – 4.12 = 49 – 48 = 1
  � D�–�E = 1     ...(ii)
  ? Solving equations (i) and (ii), we get Į�=�±���DQG�ȕ� �±��� 
 17. D���E = 6, DE = 6
  ? (D���E)2 = 62 � D2 + E2 + 2DE = 36
  � D2 + E2 = 36 – 2 × 6 = 24
  Now, D3 + E3 + D2 + E2 + D���E
   = (D���E) (D2 + E2 – DE) + (D2 + E2) + (D���E)
   = 6(24 – 6) + 24 + 6 = 6 × 18 + 30 = 138.
 18. Since, D and E are the roots of the equation x2 + px + q = 0,
  ? D���E = – p and DE = q
  Now, equation whose roots are –D–1 and –E–1 is
  x2 – (sum of the roots) x + product of the roots = 0
  i.e., x2 – (– D–1 – E–1)x + (–D–1) (–E–1) = 0

   –D–1 –E–1 = – 
1 1 – p

q
   α + β+ = =   α β αβ   

 

  and (–D–1) (–E–1) = 
1 1

q
=

αβ

  ? Required equation = x2 – 
p x
q

 + 
1
q

= 0

  � qx2 – px + 1 = 0.
 19. log4 (x – 1) = log2 (x – 3)
  � 2 22

log ( – 1) log ( – 3)x x=
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  �� 2 2
1 log ( – 1) log ( – 3)
2

x x=

1Using log ( ) log =  n mm
x x

n
  � log2 (x – 1) = 2 log2 (x – 3)
  � log2 (x – 1) = log2 (x – 3)2

  � (x – 1) = (x – 3)2 � (x – 1) = x2 – 6x + 9
  � x2 – 7x + 10 = 0 � (x – 2) (x – 5) = 0 � x = 2 or 5.
  x = 2 is inadmissible as log2 (x�±����LV�QRW�GH¿QHG�ZKHQ�x = 2.
  ? x = 5.
 20. Given, esin x – e–sin x – 4 = 0
  Let esin x = y. Then, the given equation becomes

     y – 21 4 – 4 – 1 0y y
y

= ⇒ =

   �  y = 
4 16 4

2 5
2

± +
= ±

   �  esin x = 2 5±  � sin x = loge (2 r 5 )
  ����� sin x = loge  (2 5)+
  (' (2 – 5) 0<  and so loge (2 5)− �LV�QRW�GH¿QHG�

  Now (2 5) 4 log (2 5) 1e+ > ⇒ + >
  But the value of sin x lies between –1 and 1, both values 

inclusive, so sin x z loge (2 5)+
  ? There are no possible real roots of the given equation.

 21. 56 1 15 1
5 5

x x    >      

  � 56 – –5 5 5 1x x× × >  �� 56 05 5− − >x x

  � 56 – 0x x− >  � – 56 0x x+ <

  � y2 + y – 56 < 0, where y = x

  � (y + 8) (y – 7) < 0 � –8 < y < 7 � –8 < 7x <

  � 0 d 7 asx x<  cannot be negative
  � 0 d x < 49 � x � [0, 49)

 22. Given, 
1 1 1

x a x b c
+ =

+ +

  � 
( ) ( ) 1
( ) ( )
x b x a
x a x b c
+ + + =
+ +

 � 2
2 1
( )
x b a

cx a b x ab
+ + =

+ + +

  � 2cx + (a + b)c = x2 + (a + b)x + ab
  � x2 + (a + b – 2c)x + ab – ac – bc = 0
  Let D, E be the roots of this equation. Then,
  D���E = – (a + b – 2c) = 0 (Given)
  � a + b = 2c and DE = ab – ac – bc = ab – (a + b)c

   = 
( )– ( )

2
a bab a b ++

   = 
2 22 – ( 2 )

2
ab a b ab+ +

 = – 
 
   

a + b2 2

2
.

 23. Let the roots of the equation kx2 – 5x + 6 = 0 be D and E.
  Then, D���E = 5/k   ...(i)
   DE = 6/k   ...(ii)

  Given D�E = 
2 2
3 3

⇒ α = β

  ? From (i) and (ii),

  22 5 2 6and
3 3k k

β + β = β =

  � 25 5 9and
3 k k

β = β =  � E = 23 9and
k k

β =

  � 2
2

9 9 9 – 9 0 ( – 1) 0k k k k
kk

= ⇒ = ⇒ =  � k = 0 or 1

  But k = 0 does not satisfy the condition, so k = 1.
 24. 2| x |2 – 5| x | + 2 = 0
  � (2| x | – 1) (| x | – 2) = 0

  � | x | = 
1 , 2
2

 � x = r 
1 , 2
2

±

  So, there are 4 solutions.
 25. ' p, q, r are in A.P.

  q = 
2

p r+
    [' p + r = 2q]

  For the real roots q2 – 4pr t 0   [Disct. > 0]

  � 
2

– 4 0
2

p r pr+  ≥  
  � p2 + r2 – 14pr t 0

  � 
2

– 14 1 0p p
r r

    + ≥      

  � 
2

– 7 48p
r

  ≥  
 = – 7 4 3.p

r
≥

 26. Let y = 5 + 2 6.  Then 
1
y

 = 5 – 2 6 . Thus the given 

expression reduces to 

2
2

– 3
– 3 1 10

x
xy

y
 + = 
 

 

  Again let 
2 – 3 . Then,xy t=

     t + 21 10 – 10 1 0t t
t

= ⇒ + =

  � t = 
10 100 – 4 10 96

2 2
± ±=

   = 
10 4 6 5 2 6

2
± = ±

  ? 
2 – 3 1(5 2 6) 5 2 6 (5 2 6)x ±+ = ± = +

  � x2 – 3 = 1   or   x2 – 3 = – 1
  � x2 = 4      or   x2 = 2
  � x = r 2    or   x = r 2
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 27. Given, D��E��J are the roots of the 2x3 – 3x2 + 6x + 1 = 0.

  Since S1 = – 
2

13
Coefficient of
Coefficient of

x S
x

⇒ =α +β+ γ = – 
–3 3
2 2

  =  

  S2 = 23
Coefficient of 6 3

2Coefficient of
x S
x

⇒ = αβ + βγ + αγ = =  

        S3 = 33
Coefficient of constant term 1– –

2Coefficient of
S

x
⇒ = αβγ =

  Now, D2 + E2 + J2 = (D + E + J)2 – 2 (DE + EJ + JD)

   = 
23 92 3 6

2 4
  − × = − =  

–15 .
4

 28. Given, D, E, J are the roots of the equation x3 + 4x + 1 = 0.
  ? S1 = D + E + J� ��� �&RHI¿FLHQW�RI�x2 = 0)
      S2 = DE + EJ + DJ = 4
      S3 = DEJ = – 1
  ? (D���E)–1 + (E���J)–1 + (J���D)–1

   = 
1 1 1+ +

α + β β + γ γ + α

   = 
1 1 1
– – –

+ +
γ α β

0
– , – , –

α + β + γ = 
 ⇒ α + β = γ β + γ = α γ + α = β 

'

            =  
1 1 1 4– – –

–1
   βγ + αγ + αβ  + + = = =     α β γ αβγ     

4.

 29. Let (D – d), D, (D + d) be the three roots of the given cubic 
equation x3 – 12x2 + 12x – 28 = 0

  ? S1 = (D – d) + D + (D + d) = 12
  � 3D = 12 � D = 4
  and S3 = (D – d) . D. (D + d) = 28
  � (4 – d) . 4. (4 + d) = 28
  � 16 – d 2 = 7 � d 2 = 9 � d = r 3. 
 30. Let D� E be the roots of the equation 3ax2 + 3bx + c = 0. We 

KDYH�WR�¿QG�WKH�HTXDWLRQ�ZKRVH�URRWV�DUH��D and 3E, which 
can be got by putting y = 3x in the given equation, i.e., 

substituting x for 
3
y

 in the given equations.

  ? The required equation is : 3a 
2

3 0
3 3
y yb c   + + =      

  � 
2

0
3

ay by c+ + =  � ay2 + 3by + 3c = 0

   � ax2 + 3bx + 3c = 0.
 31. As D, E are the roots of the equation ax2 + bx + c = 0, so

  D�+�E =  – 
b
a

, DE = 
c
a

  The equation whose  roots are 
1 – 1andα − β

α β
 can be 

written as :

  x2 – 
1 – 1 – 1 – 1 –. 0x

   α β α β+ + =    α β   α β 
 

  Now, 
1– 1– – – – 2 – 2α β β αβ + α αβ α +β αβ α +β+ = = =

α β αβ αβ αβ

        
/ 22 2

/
b a b b c

c a c c
− −= − = − − = −

  and 
1 – 1 – 1– – 1– ( ). α β α β+ αβ α +β + αβ= = α β αβ αβ 

   = 
1 – 1 1a b a b c

c c c
α + β + ++ = + + =

αβ αβ

  ? The required equation is

    x2 – 
( 2 )– 0b c a b cx

c c
+ + +   + =      

   � cx2 + (b + 2c)x + (a + b + c) = 0  ...(i)
  Compairing eqn. (i) with the given equation px2 + qx + r  =  0, 

we get r = a + b + c.
 32.�7R�¿QG�WKH�HTXDWLRQ�ZKRVH�URRWV�DUH�WKH�QHJDWLYHV�RI�WKH�

roots of the given equation, we replace x by (–x) in the given 
equation.

  ? Required equation is
  (–x)7 + 3(–x)5 + (–x)3 – (–x)2 + 7(–x) + 2 = 0
  i.e, –x7 – 3x5 – x3 – x2 – 7x + 2 = 0
  i.e., x7 + 3x5 + x3 + x2 + 7x – 2 = 0.
 33. As, D��J are the roots of the equation Ax2 – 4x + 1 = 0, so

   D���J = 
4
A

    ...(i)

  and  DJ = 
1
A

   ...(ii)

  Given, E��G are the roots of the equation Bx2 – 6x + 1 = 0, 

so E���G = 
6
B

   ...(iii) 

  and  EG = 
1
B

   ...(iv)

  Given, D��E��J, G are in H.P., so

   E = 
2 2/ 1

4/ 2
A
A

αγ = =
α + γ

      J = 
2 2/ 1

6/ 3
βδ = =

β + δ
B
B

.

  Also E is the root of the equation Bx2 – 6x + 1 = 0, so

  BE2 – 6E + 1 = 0 � B × 
1 1– 6
4 2

×  + 1 = 0

  �  – 2 0 2 8
4 4
B B B= ⇒ = ⇒ =

  Given, J is the root of the equation Ax2 – 4x + 1 = 0, so
    AJ2 – 4J + 1 = 0

  � A × 
1 1– 4 1 0
9 3

× + =  � 
1– 0

9 3
A A= ⇒ = 3.

  A, B = 3, 8 respectively.



QUADRATIC EQUATIONS Ch 3-17

 34. The given equation is (x – a) (x – b) = c
  � x2 – (a + b)x + (ab – c) = 0
  As D��E are the roots of this equation, so
   D���E = a + b and DE = ab – c
  Let J��G be the roots of the equation (x – D) (x – E) + c = 0
  i.e., J��G are the roots of the equation x2 – (D���E)x + (DE + c) = 0
  ?  J���G = D���E = a���b   ...(i)
   JG = DE + c = ab – c + c = ab  ...(ii)
  ? From (i) and (ii) we can infer that the roots of the equation
  (x – D) (x – E) + c = 0 are a and b.
 35. Let the roots of the equation x3 – ax2 + bx – c = 0 be
  (D – 1), D, (D + 1)
  ? S2 = (D – 1)D + D(D + 1) + (D + 1) (D – 1) = b
  � D2 – D + D2 + D + D2 – 1 = b
  � 3D2 – 1 = b
  ? Minimum value of b = – 1, when D = 0.
 36. The given equations are written as :
    x2 + 2ax + a2 – 1 = 0   ...(i)
    x2 + 2bx + b2 – 1 = 0  ...(ii)
  If D is the common root of both the equations, D�VDWLV¿HV�

both the equations, so,
    D2 + 2aD + (a2 – 1) = 0  ...(iii)
    D2 + 2bD + (b2 – 1) = 0  ...(iv)
  Solving equations (iii) and (iv) simultaneously

  
2

2 2 2 2
1

2 – 22 ( – 1) – 2 ( – 1) ( – 1) – ( – 1) b aa b b a a b
α α= =

  � 
2

2 2 2 2
1

2( – )2 – 2 2( – ) ( – ) b aab ba b a a b
α α= =

+
 

  � 
2 1

2 ( – ) 2( – ) –( ) ( – ) 2( – )ab b a b a a b b a b a
α α= =

+ +

  � 
2 1

2( – ) ( 1) ( ) ( – ) 2( – )b a ab a b b a b a
α α= =

+ − +

  By the rule of cross-multiplication,
  the solution of two simultaneous equations :
    a1x + b1y + c1 = 0

    a2x + b2y + c2 = 0 is

   
1 2 2 1 1 2 2 1 1 2 2 1

1
– – –

= =x y
b c b c c a c a a b a b

  ? D2 = ab + 1 and D  = – 
1 ( )
2

a b+

  � (ab + 1)  = 21 ( )
4

a b+

  � a2 + b2 + 2ab = 4ab + 4
  � a2 + b2 – 2ab = 4 � (a – b)2 = 4 � |a – b| = 2.
 37. Given equation is x3 – 3x + 11 = 0
  If D��E��J are the roots of the given equation, then
    S1 = D���E + J = 0
  � E���J = – D, J���D = – E  and D���E� �–�J
  ? The equation whose roots are (D���E), (E���J), (J���D) is 

the equation whose roots are –J, –D, – E.
  ? We can obtain the required equations by replacing x by 

(–x) in the given equation.
  ? Required equation is (–x)3 –3(–x) + 11 = 0
  i.e, – x3 + 3x + 11 = 0
  i.e., x3 – 3x – 11 = 0. 
 38. As D��E are the roots of the equation ax2 + bx + c = 0, so

  D + E = – , αβ =b c
a a

  Also, (D + x), (E + x) are the roots of the equation

  px2 + qx + r = 0, then D + x + E +  x = – 
q
p

  and ( ) ( )α + β + = rx x
p

 � D + E + 2x = – 
q
p

 

  � 
– 2 –b qx
a p

 + = ⇒  
 

b qK –
a p

1=
2

.

 39. Let x = 6 6 6 .....+ + + ∞

   � x = 6 x+
  � x2 = 6 + x � x2 – x – 6 = 0
  � (x – 3) (x + 2) = 0
  � x = 3 or – 2
  � x = 3 as x = – 2 does not satisfy the given equation.
 40. The equation is (x – a) (x – a –1) + (x – a – 1) (x – a – 2) 

+ (x – a) (x – a – 2) = 0.
  Let (x – a) = y, then the equation becomes
  y (y – 1) + (y – 1) (y – 2) + y (y – 2) = 0
  � y2 – y + y2  – 3y + 2 + y2 – 2y = 0
  � 3y2 – 6y + 2 = 0
  ? Discriminant = D = b2 – 4ac = 36 – 4 × 3 × 2
   = 36 – 24 = 12 > 0
  ? Roots are real and distinct.

SELF ASSESSMENT SHEET

 1. If the sum as well as the product of roots of a quadratic 
equation is 9, then the equation is:

  (a) x2 + 9x – 18 = 0 (b) x2 – 18x + 9 = 0
  (c) x2 + 9x + 9 = 0  (d) x2 – 9x + 9 = 0.

(CDS 2010)
 2. If one root of the equation

2 1x x
a b c

+ +  = 0 is reciprocal of 

the other, then which of the following is correct ?

  (a) a = b  (b) b = c  (c) ac = 1 (d) a = c
(CDS 2012)

 3. If one root of the equation ax2 + x – 3 = 0 is –1, then what 
is the other root ?

  (a) 
1
4

 (b) 
1
2

 (c) 
3
4

 (d) 1

(CDS 2010)
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 4. If the equation (a2 + b2) x2 – 2 (ac + bd)x + (c2 + d2) = 0 has 
equal roots, then which one of the following is correct ?

  (a) ab = cd   (b) ad = bc
  (c) a2 + c2 = b2 + d2 (d) ac = bd  (CDS 2010)
 5. If D��E are the roots of the equation ax2 + bx + c = 0, then 

what is the value of D3 + E3 ?

  (a) 
3

3
3b abc

a
+

(b) 
3 3–
3

a b
abc

 (c) 
3

3
3 –abc b

a
 (d) 

3

3
– 3b abc
a

(CDS 2008)
 6. If the sum of the roots of the equation ax2 + bx + c = 0 is 

equal to the sum of their squares, then which one of the 
following is correct ?

  (a) a2 + b2 = c2 (b) a2 + b2 = a + b
  (c) 2ac = ab + b2  (d) 2c + b = 0
 7. One root of x2 + kx – 8 = 0 is the square of the other, then 

the value of k is :
  (a) 2 (b) 8 (c) –8 (d) –2

(CAT 1995)
 8. Let p and q be the roots of the quadratic equation  

x2 – (D – 2)x – D – 1 = 0. What is the minimum possible 
value of p2 + q2 ?   

  (a) 0 (b) 3 (c) 4 (d) 5
(CAT 2003)

 9. If D��E��J are the roots of x3 – 2x2 + 3x – 4 = 0, then the value 
of D2 E2 + E2 J2 + J2 D2 is : 

  (a) –7 (b) –5 (c) –3 (d) 0

(EAMCET 2007)
 10. If D��E are the roots of the equations x2 + 4x + 3 = 0, then 

the equation whose roots are 2D���E and D + 2E is
  (a) x2 – 12x – 33 = 0 (b) x2 – 12x + 35 = 0
  (c) x2 + 12x – 33 = 0 (d) x2 + 12x + 35 = 0.

(J&K CET 2009)
 11. The equation whose roots are twice the roots of the equation 

x2 – 3x + 3 = 0 is
  (a) x2 – 3x + 6 = 0 (b) x2 – 4x + 8 = 0
  (c) x2 – 6x + 12 = 0 (d) x2 – 8x + 6 = 0
 12. If x2 + mx + n = 0 and x2 + px + q = 0 have a common root, 

then the common root is

  (a) –
–

q n
m p

  (b) 
–q n

m p+

  (c) q n
m p

+
+

  (d) None of these

ANSWERS

 1. (d) 2. (d) 3. (c) 4. (b) 5. (c) 6. (c) 7. (d) 8. (d)  9. (a)  10. (d)
 11. (c) 12. (a)

HINTS AND SOLUTIONS

 1. Equation : x2 – (Sum of roots)x + Product of roots = 0
  � x2 – 9x + 9 = 0.
 2. The equation can be written as 21 1 1 0.x x

a b c
+ + =

  i.e., bcx2 + acx + ab = 0.
  Let D, 1/D be the roots of the given equation, then

  product of roots = D × 
1 ab

bc
=

α
 � 1ab

bc
=  � a = c.

 3. Let the other root of the equation ax2 + x – 3 = 0 be D.
� �$V��±���LV�D�URRW�RI�WKH�JLYHQ�HTXDWLRQ��LW�VDWLV¿HV�WKH�JLYHQ�

equation, i.e., a (–1)2 + (–1) –3 = 0 � a – 1 – 3 = 0 � a = 4. 
  ? The equation becomes 4x2 + x – 3 = 0.

  Now, product of roots = D × (–1) = –
3
4

  ? D = 
3 .
4

 4. Equal roots � Discriminant = 0
  � 4(ac + bd)2 – 4(a2 + b2) (c2 + d 2) = 0

  � 2 2[ a c 2 2b d+ 22 ]–[acbd a+ 2 2 2 2 2 2c b c a d b+ + + 2 ] 0d =

  � –[b2c2 + a2d 2 – 2acbd] = 0
  � (bc – ad)2 = 0 � bc = ad. 

 5. D���E = – b/a, DE = c/a.
  D3 + E3 = (D���E) (D2 + E2 – DE)
    = (D���E) {(D + E)2 – 2DE – DE}
   = (D���E) [(D���E)2 – 3DE]

   = – 
b
a

 
2

2
3b c
aa

 
− 

 

   = 
3

3 2
– 3b bc
a a

+  = 
abc – b

a

3

3
3

 6. Let D��E be the roots of the equation ax2 + bx + c = 0. Then,
  D���E = – b/a, DE = c/a  
  Given, D���E = D2 + E2

  i.e., D���E = (D�2���E)2  – 2DE

  � 
−b
a

 = 
2

2
2–b c
aa

  � 
2

2 2 2
2– ab b ac

a a a
= −  � ab + b2 = 2ac.

 7. Let D and D2 be the roots of the equation x2 + kx – 8 = 0. 
Then, product of roots = D . D2 = – 8

       D3 = – 8 � D = – 2
  ?�7KH�URRW��±���VDWLV¿HV�WKH�JLYHQ�HTXDWLRQ��i.e.,
  (–2)2 + k . (–2) –8 = 0
  4 – 2k – 8 = 0 � –2k = 4 � k = – 2.
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 8. If p and q are the roots of the equation
  x2 – (D – 2)x – (D + 1) = 0.
  ? Sum of roots = p + q = (D – 2)
  Product of roots = pq = – D – 1
  ? p2 + q2 = (p + q)2 – 2pq
   = (D – 2)2 + 2(D + 1)
   = D2 + 4 – 4D + 2D + 2 = (D + 1)2 + 5
  p2 + q2 will be minimum when D = 0.
  ? Minimum value of p2 + q2 = 5.
 9. Given, D��E��J are the roots of x3 – 2x2 + 3x – 4 = 0. Then,
   S1 =�D���E���J = 2
   S2 =�DE���EJ���JD = 3
   S3 =�DEJ = 4
  Now, (DE���EJ���JD)2

   = D2E2 + E2J2 + J2D2 + 2DE2J + 2EJ2D + 2D2EJ
   = D2E2 + E2J2 + J2D2 + 2DEJ (E���J���D)
  � D2E2 + E2J2 + J2D2 = (DE���EJ���JD)2 – 2DEJ (D���E���J)
   = 32 – 2 × 4 × 2 = 9 – 16 = – 7.  
 10. Given, D��E are the roots of the quadratic equations x2 + 4x + 3 = 0,
  ��Sum of roots = D���E = – 4   ...(i)
  Product of roots = DE = 3   ...(ii)
  Given, 2D���E and D + 2E are the roots of the required 

equation, so
  Required equation is

   = x2 –
Sum of roots Product of roots

(2 2 ) (2 ) ( 2 ) 0xα + β + α + β + α + β α + β =

  Sum = 2D + E + D + 2E = 3D + 3E = 3 (D���E) 
   = 3 × –4 = – 12
  Product = (2D���E) (D + 2E) = 2D2 + ED + 4 DE + 2E2

   = 2(D2 + E2) + 5DE
   = 2(D2 + E2 + 2DE) + DE
   = 2(D���E)2 + DE = 2 × 16 + 3 = 35
  ? Reqd. equation is x2 – 12x + 35 = 0.
 11. Let D��E be the roots of the given equation x2 – 3x + 3 = 0.
  Given, D���E = + 3, DE = 3
  By the given condition, the roots of the required equation 

are 2D and 2E.
  ? Sum of roots = 2D + 2E = 2(D���E) = 2 × 3 = 6
  Product of roots = 2D . 2E = 4DE = 4 × 3 = 12.
  ? Required equation is x2 – 6x + 12 = 0
 12. Let D be the common root of the equations x2 + mx + n =  0 

and x2 + px + q = 0. Then,
  D2 + mD + n = 0   ...(i)
  D2 + pD + q = 0   ...(ii)
  Solving (i) and (ii) simultaneously, we get

  
2 1
– – –mq np n q p m

α α= =  � D = 
–
–

n q
p m

= q – n .
m – p
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